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Abstract

Distance labeling schemes are schemes that label the vertices of a graph with short labels i
way that the distance between any two verticesu andv can be determined efficiently (e.g., in consta
or logarithmic time) by merely inspecting the labels ofu andv, without using any other information
Similarly, routing labeling schemes are schemes that label the vertices of a graph with short lab
in such a way that given the label of a source vertex and the label of a destination, it is poss
compute efficiently (e.g., in constant or logarithmic time) the port number of the edge from the
that heads in the direction of the destination. In this paper we show that the three major classes
positively curved plane graphs enjoy such distance and routing labeling schemes usingO(log2 n) bit
labels onn-vertex graphs. In constructing these labeling schemes interesting metric proper
those graphs are employed.
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1. Introduction

Traditional graph representations are global in nature, and require users to have acc
to data on the entire graph topology in order to derive useful information, even if the s
piece of information is very local, and pertains to only few vertices.

In contrast, the notion ofadjacency labeling scheme, introduced in [5,6] involves usin
more localized labeling schemes for graphs. The idea is to assign each vertexv a label
L(v) in a way that will allow one to infer theadjacency of two vertices directly from
their labels, without using any additional information. Obviously, labels of unrestricted s
can be used to encode any desired information.However, efficiency considerations dicta
the use of relativelyshort labels (say, of length polylogarithmic inn), which nevertheles
allow us to deduce adjacencies efficiently (say, in constant time). The feasibility of
efficient adjacency labeling schemes is exploredin [19,31]. Interest in this natural idea wa
recently revived by the observation that in addition to adjacency labeling schemes,
be possible to device similar schemes for capturingdistance, connectivity, flowand other
information [11,20,26,27,33].

1.1. Distance labeling schemes

The notion ofdistance labeling schemeswas first introduced in [27], where also th
relevance of distance labeling schemes in the context of communication network
pointed out. A graph familyD is said to have anl(n) distance labeling scheme if there
a functionL labeling the vertices of eachn-vertex graph inD with distinct labels of up
to l(n) bits, and there exists an algorithm, calleddistance decoder, that given two labels
L(v),L(u) of two verticesv,u in a graph fromD, decides the distance betweenv andu

in time polynomial in the length of the given labels. Note that the algorithm is not g
any additional information, other that the two labels, regarding the graph from whic
vertices were taken.

As noticed in [19], a class of 2Ω(n1+ε) n-vertex graphs, must use adjacency labels (
thus distance labels) whose total length isΩ(n1+ε). Hence, at least one label must
of Ω(nε) bits. Specifically, for the class of all unweighted graphs, any distance lab
scheme must label somen-vertex graphs with labels of sizeΩ(n). This raises the natura
question of whether more efficient labeling schemes can be constructed for special gr
classes.

A distance labeling scheme for trees that uses onlyO(log2 n) bit labels and a constan
time distance decoder has been given in [26].1 This result is complemented by a low
bound proven in [17], showing thatΩ(log2 n) bit labels are necessary for the class of
trees. The scheme developed for trees was later extended in [17,20] to other graph
with “well-behaved” separators;O(log2 n) distance labeling schemes were presented
interval graphs, permutation graphs, distance-hereditary graphs and all graphs of boun
tree width, while anO(

√
n logn) distance labeling scheme was presented for all pla

1 [26] claims to have onlyO(logn) time distance decoder, but in fact it is not hard to make that decoder t
in constant time.
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graphs. Recently, authors of [16] improved the bound on the label size given in [1
interval graphs by a logn factor. For the class of planar graphs only a lower boun
Ω(n1/3) on the label size is known. This leaves an intriguing polynomial gap betw
upper and lower bounds on the label size.

1.2. Routing labeling schemes

Routing is one of the basic tasks that a distributed network of processors must b
to perform. Arouting schemeis a mechanism that can deliver packets of information fr
any vertex of the network to any other vertex. Each packet has aheadercontaining the
address of the destination, and in some cases, some additional information that can
to guide the routing of this message. Each processor in the network has a routing d
running on it which is endowed with a localrouting table. This daemon receives packe
of information and has to decide, based on this table and on the packets heade
whether these packets have already reached their destination, and if not, how to forwar
them towards their destination. One aims at routing along short paths. This problem
approached via localized techniques based on labeling schemes [28].

Following [28], a family� of graphs is said to have anl(n) routing labeling scheme
if there exist a functionL, labeling the vertices of eachn-vertex graph in� with distinct
labels of up tol(n) bits, and an efficient algorithm, called therouting decision, that given
the label of a current vertexv and the label of the destination vertex (the header of
packet), decides in time polynomial in the length of the given labels and using only
two labels, whether this packet has already reached its destination, and if not, to whi
neighbor ofv to forward the packet. Thus, the goal is, for a family� of graphs, to find
routing labeling schemes employing shortest (or nearly shortest) paths and using re
short labels and fast routing decision.

There are many results on routing schemes for particular graph classes, including co
plete graphs, grids (alias meshes), hypercubes, complete bipartite graphs, unit interva
and interval graphs, trees and 2-trees, rings, tori, unit circular-arc graphs, outerplan
graphs, and squaregraphs (see [1,9,13,14,21,25,30]).All those graph families admit
schemes withO(d logn) labels andO(logd) routing decision (whered is the maximum
degree of a vertex). These results follow from the existence of so calledinterval rout-
ing schemes for those graphs. Observe that in interval routing schemes the local m
requirement increases with the degree of thevertex. Routing labeling schemes aim ov
coming the problem of large degree vertices. In [33] and independently in [11], an op
(in view of [12]) routing labeling scheme fortrees of arbitrary maximum degree is d
scribed that assigns each vertex of ann-vertex tree a(1 + o(1)) log2 n-bit label and has a
constant time routing decision. For planar graphs, a routing labeling scheme whic
8n + o(n) bits per vertex is developed in [15].

1.3. Our contribution

In this note we design distance and routing labeling schemes for three natural c
of planar graphs introduced in [23,24] and further investigated in [3,4,29,32] an
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references cited therein. These are the basic classes of planar graphs of non-positive co
binatorial curvature:

(i) the plane graphs with all inner faces of length at least 4 (the length of a face is t
number of edges of its bounding cycle) and with all inner vertices of degree at le
(called the(4,4)-graphs),

(ii) the plane graphs with all inner faces of length at least 3 and all inner vertices of deg
at least 6 (called the(3,6)-graphs), and

(iii) the plane graphs with all inner faces of length at least 6 and all inner vertices of d
at least 3 (called the(6,3)-graphs).

Based on geometric properties of these graph classes, we design for them labeling s
with labels of sizeO(log2 n) bits and a constant time distance decoder and routing dec

The paper is organized as follows. The next section presents the main definitio
notions. Section 3 describes the general lines of the method used for distance que
routing in all three classes of graphs. In Section 4 we establish the principal distance
erties of(4,4)-, (3,6)-, and (6,3)-graphs used in these schemes. In Section 5 we
a detailed presentation of the labeling and routing schemes for(4,4)- and(3,6)-graphs,
while the case of(6,3)-graphs is treated in the technical report [8] of this paper.

2. Preliminaries

All graphsG = (V ,E) occurring in this paper are undirected, unweighted, conne
n-vertexplane graphs, i.e., planar graphs embedded on the plane. Thedistanced(u, v) :=
dG(u, v) between two verticesu andv is the length of a shortest(u, v)-path, and thein-
terval I (u, v) betweenu andv consists of all vertices on shortest(u, v)-paths, that is
I (u, v) = {x ∈ V : d(u, x) + d(x, v) = d(u, v)}. An induced subgraph ofG (or the corre-
sponding vertex setA) is calledconvexif it includes the interval between any of its vertice
For a setS ⊆ V and a vertexx of G, theprojectionPr(x, S) of x on S consists of all ver-
ticesv ∈ S such thatI (v, x) ∩ S = {v}. Notice thatI (s, x) ∩ Pr(x, S) �= ∅ for any vertex
s ∈ S. Extending the notion of a gated set from [10], we call a setS ⊆ V quasigatedif
for every vertexx /∈ S the projection Pr(x, S) consists of one or two adjacent vertices oS
(called thegatesof x).

For a plane graphG, let ∂G be the cycle (actually, closed walk) bounding the outer f
of G oriented counterclockwise and letG∗ be thegeometric dualof G (in which vertices
are defined only for inner faces ofG). We call the paths ofG∗ dual paths.Notice that the
class of(4,4)-graphs is self-dual in the sense that the geometric dual of a(4,4)-graph is
again a(4,4)-graph, while the classes of(3,6)- and(6,3)-graphs are mutually dual. Tw
neighborsx, y of a vertexv of G are calledconsecutiveif v, x, y belong to a common inne
face ofG. Following [4,22,24] and the references therein, we introduce now the curv
function of a plane graphG. Assume that each inner face withk sides ofG is viewed as a
regulark-gon in Euclidean plane with side length 1. For a vertexv of G, let α(v) denote
the sum of the corner angles of the regular polygons containing the vertexv. If v is an
inner vertex ofG, denote thecurvatureat v to beκ(v) = 2π − α(v), i.e., it is defined as
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the 2π -angle-defect of the flat polygons meeting atv. Whenv is a vertex in the boundar
∂G, define theturning angleatv to beτ (v) = π −α(v). A vertexv ∈ ∂G with τ (v) > 0 is
called acornerof G. The following Lyndon’s curvature theorem [24] is a discrete vers
of the Gauss–Bonnet theorem and holds for all plane graphs:∑

v∈V−∂G

κ(v) +
∑
v∈∂G

τ(v) = 2π.

A plane graphG hasnon-positive curvatureif κ(v) � 0 for every inner vertexv of G.

It can be easily shown that the plane graphs of each of the types(4,4), (3,6), and(6,3)

have non-positive curvature, and from this perspective they have been investigate
number of papers; cf. for example [4,23,24]. From the Gauss–Bonnet formula it fo
that a plane graph of non-positive curvature has at least 3 corners. In Section 4, w
further specify this property for each type of those graphs.

For an edgeuv of a graphG, define the following partition of the vertex setV :

W(u,v) = {
x ∈ V : d(x,u) < d(x, v)

}
,

W(v,u) = {
x ∈ V : d(x, v) < d(x,u)

}
,

W=(uv) = {
x ∈ V : d(x, v) = d(x,u)

}
.

If G is bipartite, then the setW=(uv) is empty. Acut {A,B} of G is a partition of the
vertex-setV into two parts, and aconvex cutis a cut in which the halvesA andB are
convex. Denote byE(A,B) the set of all edges ofG having one end inA and another one
in B, and say that those edges arecrossed(or cut) by {A,B}. The zoneZ(A,B) of the
cut {A,B} is the family of inner faces ofG sharing edges withE(A,B). A zoneZ(A,B)

is called astrip if the faces ofZ(A,B) induce a simple dual path and two facesF ′,F ′′
of Z(A,B) intersect if and only if they share an edge ofE(A,B). The union of faces o
a strip constitutes a simply connected region of the plane. IfZ(A,B) is a strip, then we
will use the same notationZ(A,B) for the (plane) subgraph ofG induced by the vertice
and the edges occurring in the faces of this zone. The inner faces of this graph are
the inner faces ofG from Z(A,B). For a stripZ(A,B), call the subgraphs induced b
∂A = Z(A,B) ∩ A and∂B = Z(A,B) ∩ B theborder linesof the cut{A,B}.

We continue with the definition of alternating cuts introducedand investigated in [7,29
Two edgese′ = (u′, v′) and e′′ = (u′′, v′′) on a common inner faceF of G are called
oppositein F if dF (u′, u′′) = dF (v′, v′′) and equals the diameter of the cycleF. If F is
an even face, then each edge has a unique opposite edge, otherwise, ifF is an odd face
then every edgee ∈ F has two opposite edgese+ ande− sharing a common vertex. I
the latter case, ifF is oriented clockwise, fore we distinguish theleft opposite edgee+
and theright opposite edgee−. If every face ofZ(A,B) is crossed by a cut{A,B} in two
opposite edges, then we say that{A,B} is anopposite cutof G. We say that an opposit
cut {A,B} is straighton an even faceF ∈ Z(A,B) and that itmakes a turnon an odd face
F ∈ Z(A,B). The turn isleft or right depending which of the pairs{e, e+} or {e, e−} it
crosses. An opposite cut{A,B} of a plane graphG is alternatingif the turns on it alternate
Denote byAC(G) the collection of all alternating cuts ofG, where every cut which neve
has to turn is counted twice.

Finally, for a graphG = (V ,E) and a vertexx, let F(x) = ∑
v∈V d(x, v). Any vertex

minimizing the functionF is called amedian vertexof the graphG. Notice the following
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simple but important property of the functionF : if uv is an edge ofG, thenF(v)−F(u) =
|W(u,v)| − |W(v,u)|. From this we immediately conclude that ifv is a median vertex
of G, then|W(u,v)| � |V |/2 for any neighboru of v.

3. General method

Our distance and routing labeling schemesare based on geometric properties of al
nating cuts of(4,4)-, (3,6)-, and(6,3)-graphsG. Some of them have been already prov
in [3,29] in order to establish the scale 2 embedding of these graphs into hypercube
we prove that any alternating cut{A,B} of G is convex, moreover its border lines are co
vex paths (thus the zone of every such cut is a strip sharing two edges with∂G). Then,
in case of(4,4)-graphs, we show that the zones of alternating cuts are quasigated. F
(3,6)-graphs, we show that the projections Pr(x,Z(A,B)) on zones of alternating cuts a
convex paths whose vertices have the same distance tox (the structure of projections o
zones of(6,3)-graphs is given in [8]). In all cases, the projection Pr(x,Z(A,B)) can be
compactly represented by the end vertices and the type of this projection. For ex
for (4,4)-graphs, at vertexx we will keep the gate(s) onZ(A,B) and the distance from
x to the projection. For(3,6)-graphs, we will keep the end vertices of the convex p
Pr(x,Z(A,B)) and the distance fromx to the projection. For routing messages fromx,

the following property of Pr(x,Z(A,B)) is crucial: we show that either there is a neig
bor of x one step closer toZ(A,B) whose projection on this zone coincides with that
x or there exist two neighbors ofx one step closer to the zone and whose projection
Z(A,B) cover the projection ofx. We will keep atx the information about such neighbo
and use it in the routing decision. So, in all cases we need onlyO(logn) bits to store at
x the entire information about the relative position ofx with respect to the zoneZ(A,B).
Therefore, we can report in constant time the distance between two verticesx ∈ A and
y ∈ B using only the information related toZ(A,B) stored atx andy (for this we de-
sign also anO(1)-time algorithm for computing the distance between two projection
Z(A,B)). However, we need more information in order to compute the distances betwe
two vertices ofA or two vertices ofB.

To compute the distances or a routing shortest path between arbitrary two verticeG,

we describe a distributed data structure which at each vertexx ∈ V keeps the projection
of x on the zones of onlyO(log2 n) alternating cuts ofG. For this, letv be a median
vertex ofG and letu0, u1, . . . , uk−1 be its neighbors in counterclockwise order aroundv,

according to the embedding ofG in the plane. (We may assume without loss of gen
ality that v is an inner vertex ofG, otherwise we can add a constant number of vert
and faces aroundv to transform it into an inner vertex and obtain a graph of the s
type.) Every edgevui is crossed by two alternating cuts{A′

i,B
′
i} and{A′′

i ,B
′′
i } such that

v ∈ A′
i ∩ A′′

i andui ∈ B ′
i ∩ B ′′

i . Let us orient the cuts{A′
i,B

′
i} and{A′′

i ,B
′′
i } such thatv is

on the left border line. In this case, we will denote by{A′
i ,B

′
i} that cut from the two alter

nating cuts separatingui andv, such that the last turn beforeuiv is on the right (if it exists)
and the next turn afteruiv is on the left (if it exists). If none of these two turns exis
then {A′

i,B
′
i} and {A′′

i ,B
′′
i } coincide. For each vertexui , setCv(ui) = B ′

i ∩ A′
i+1(mod k)

and callCv(ui) a cone with apexui . Every cone is convex as the intersection of t
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convex sets. We show thatCv(ui) ⊆ W(ui, v), yielding |Cv(ui)| � n/2 becausev is a
median vertex. Furthermore, we establish that the conesCv(u0), . . . ,Cv(uk−1) together
with the vertexv form a partition of the vertex-set ofG. To report the distance or
routing path between two query verticesx andy efficiently, yet another property of th
partitionCv(u0)∪ · · · ∪Cv(uk−1)∪{v} is significant. We call two neighborsui, uj of v p-
consecutiveand their conesCv(ui),Cv(uj ) p-neighboringif min{|i − j |, k −|i − j |} = p.

Let x ∈ Cv(ui) andy ∈ Cv(uj ). We show that ifCv(ui) andCv(uj ) are notp-neighboring
for p � 2, thend(x, y) = d(x, v)+ d(v, y). Therefore, in order to report distance betwe
two verticesx andy in different cones, we have to keep their distances to the median
tex v, the projections on and the distances to the 1-neighboring and 2-neighboring
more precisely on/to the zones separating the respective cones. Finally, ifx andy belong
to the same coneCv(ui), then the distanced(x, y) can be retrieved by recursively d
composing the (convex) subgraphGi induced byCv(ui). Routing betweenx andy can
be performed by converting the distance labeling scheme in the following way. To
a message fromx to y lying in different cones, additional to distances, we have to s
in the label ofx the output port number of the first edge on a shortest path fromx to v

and the output port number of the first edge on a shortest path fromx to each of the two
end vertices of the projection ofx on the 1-neighboring as well as 2-neighboring cones
more precisely on the zones separating the respective cones. Ifx is its own projection on
the zone betweenx andy, we consider the relative position ofx and the projection ofy on
the zone to decide in constant time via which edge the message should be sent. Fi
x andy belong to the same coneCi(v), then, again, the routing can be done by recursiv
decomposing the subgraphGi induced by this cone.

All these facts suggest the necessityof building a decomposition treeT (G) of G, which
can be constructed in the following way. Find a median vertexv of G and the cone
Cv(u0), . . . ,Cv(uk−1) with apices at the neighbors ofv. Let Gi be the subgraph ofG
induced byCv(ui). For eachGi construct a decomposition treeT (Gi) recursively and
build T (G) by taking pair(G,v) to be the root and connecting the root of each treeT (Gi)

as a child of(G,v). It is easy to see that a decomposition treeT (G) of a graphG with
n vertices has depth at most log2 n and can be constructed inO(n2 logn) time. Indeed, in
each level of recursion we need to find median vertices of current subgraphs and
struct the corresponding cones. Also, since the graph sizes are reduced by a factor
recursion depth isO(logn).

For treeT (G) we need a labeling scheme for depths of nearest common ancesto
(NCA-depth labeling scheme). In [27] such a scheme withO(log2 n) bit labels but with
O(logn) query time was presented for any tree withn nodes. One can use here the f
thatT (G) has theO(logn) depth and get constant query time in this case. To do this
can simply translate the technique of Harel andTarjan [18] to a labeling scheme. Note tha
whenever they access global information, it isassociated with an ancestor in a tree. Si
the depth of our tree isO(logn), one can copy this ancestor information down to each
scendant and get the desired label ofO(log2 n) bits. Thus, treeT (G) can be preprocesse
in O(n logn) time for depths of nearest common ancestors. This preprocessing ste
ates forT (G) an NCA-depth labeling scheme withO(log2 n) bit labels and constant que
time. For each vertexx of a graphG, let S(x) be the deepest node ofT (G) containingx

andAx be the label ofS(x) in the NCA-depth labeling scheme. Let alsoS0, S1, . . . , Sh be
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the nodes of the path ofT (G) from the root(G,v) (which isS0) to the nodeS(x) = Sh.
Clearly,h � log2 n.

In our distance (or routing) labeling scheme, vertexx will keep in its labelL(x) the
stringAx andO(log2 n) strings ofO(logn) bits, one for each nodeSi (i ∈ {0, . . . , h}). The
string for Si = (Gi, vi) will contain the distance (or routing) and projection informat
obtained during the decomposition of a subgraphGi using its median vertexvi . To report
the distance between verticesx andy of G (or to route a message fromx to y), we can
do the following. First, using stringsAx andAy , find the depth inT (G) of the neares
common ancestorSk = (Gk, vk) of S(x) andS(y). Clearly, verticesx andy belong to
different cones defined byvk in Gk . Therefore, one can apply the method described ab
to computedG(x, y) (or the port number of an edge incident tox which heads in the
direction ofy) in constant time using only the strings inL(x) andL(y) which correspond
to the nodeSk of T (G).

Using this general method, the rest of this paper is devoted to establishing the foll
main result:

Theorem 3.1. The family of graphs of type(4,4), (3,6), and(6,3) with at mostn vertices
admits distance and routing labeling schemes with labels of sizeO(log2 n) bits and a con-
stant time distance decoder and routing decision. Moreover, the schemes are constr
in timeO(n2 logn).

4. Geometry of (4, 4)- and (6, 3)-graphs

Here we establish the metric and structural properties of(4,4)-, (3,6)-, and (6,3)-
graphs used in the distance and routing labeling schemes outlined in Section 3 a
scribed in details in Section 5. In the following results, unless specified,G is a plane graph
of one of those types.

4.1. Alternating cuts

We start with a result first established in [23] for the three classes of plane gra
question and later extended to all plane graphs of non-positive curvature in [4].

Lemma 4.1 [4,23]. For each vertexx of a plane graphG of non-positive curvature, a
vertices at maximum distance fromx are located on the outer face∂G.

As we noticed in Section 2, every plane graphG of non-positive curvature has at leas
corners. IfG is a (4,4)-graph, then every corner ofG is a vertex of degree 2, and fro
the Gauss–Bonnet formula we conclude that in fact such a graphG must contain at least
corners. In a similar way, one concludes that a(3,6)-graph either contains exactly 3 corne
which are vertices of degree 2 incident to inner faces of length 3 or at least 4 corn
the latter case, the corners are either verticesof degree 2 or vertices of degree 3 inciden
two inner faces, one of length 3 and another of length at most 5. Finally, in a(6,3)-graph
all corners are vertices of degree 2 andG contains at least 6 corners. The following shar
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version of this result established in [3] will be of more use:∂G contains at least 6 edge
whose end vertices are corners; we call themcorner edges(this again follows easily from
the Gauss–Bonnet formula).

We continue with the properties of alternating cuts ofG. Several lemmata have be
proven in the unpublished manuscript [3] for(3,6)- and(6,3)-graphs. For(4,4)-graphs,
the analogies of some of those results have been established in [29]. For the s
completeness we provide all results with proof (see also [8] for specific properties of(6,3)-
graphs).

According to [7], every edgee of a plane graphG is crossed by at most two alterna
ing cuts, which can be constructed using the following algorithm. We go frome in two
directions (or in only one direction ife belongs to the outer face ofG) until we arrive at
odd faces. In this movement we go straight through even faces. Now, suppose thatF and
D are the first odd faces which occur when moving in opposite directions. Then i
cut we make left turn onF and right turn onD, and in another cut we make right tu
on F and left turn onD (see Fig. 3 below for an illustration). After that we have o
to alternate the directions when passing through odd faces ofG. Namely, if say our las
turn in one cut was to the left, then coming to the next odd face this cut turns to the
and conversely. LetE′(e) andE′′(e) be the two (not necessarily distinct) groups of ed
which we cross in this movement. It is noticed in [7] that for any alternating cut{A,B}
which cuts the edgee eitherE(A,B) = E′(e) or E(A,B) = E′′(e) holds. Therefore, if we
will show that for every edgee of G the setsE′(e) andE′′(e) define cuts, then these cu
necessarily will be alternating, thus showing that every edge ofG is crossed by exactly tw
cuts fromAC(G).

Let Z′(e) andZ′′(e) denote the union of inner faces ofG sharing edges withE′(e) and
E′′(e), respectively. By construction, bothZ′(e) andZ′′(e) generate dual paths. Moreove
if the algorithm never crosses the same face twice, then these dual paths are simple
end vertices of each of them are inner faces ofG sharing edges with∂G. We assert tha
if Z′(e) andZ′′(e) are simple dual paths, thenE′(e) andE′′(e) define cuts ofG, namely
that the end verticesx andy of e belong to distinct connected components of the gra
G′ = (V ,E − E′(e)) andG′′ = (V ,E − E′′(e)). Suppose, by way of contradiction, thatx

andy can be connected inG′ by a (simple) pathP. Consider the closed regionR of the
plane bounded by the cycle formed byP ande. Let F ′ be the inner face ofG incident toe

and located inR. Running the algorithm forE′(e), we will first crossF ′, and then some
other inner faces ofG located inR. Since no edge ofP is crossed, we will get stuck inR,

contrary to the assumption thatZ′(e) is a simple path ofG∗. Instead of proving thatZ′(e)
andZ′′(e) are simple dual paths, we will establish a slightly stronger result:

Lemma 4.2 [3,29]. For every edgee of G, Z′(e) andZ′′(e) are strips. In particular, every
edgee of G is crossed by two cuts fromAC(G).

Proof. Suppose, by way of contradiction, thatZ′(e) is not a strip. Then eitherZ′(e) is not
a simple path and we obtain the configurations one and four from Fig. 1, or two faces
Z′(e) intersect in a single vertex and we obtain the configurations two and three de
in Fig. 1. In the first three cases of this figure, consider the subgraphH of G induced by
all vertices lying in the bounded regionR. ObviouslyH has the same type asG. If G is a
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Fig. 1. To the proof of Lemma 4.2.

(4,4)-graph, then all vertices of∂H except one must have degree larger that two, other
we get an inner vertex of degree 2 or 3 inG. However this contradicts the fact thatH must
have at least 4 corners. Analogously, ifG is a (6,3)-graph,H cannot contain any corne
edge. IfG is a (3,6)-graph, any corner ofH different fromx will be an inner vertex of
G of degree at most 5, again leading to a contradiction. In the fourth case, the regR

degenerates into a path, and one of the end vertices of this path (namely, the vertexx) is an
inner vertex ofG having degree 2, a contradiction.

This shows thatZ′(e) andZ′′(e) are strips, henceE′(e) andE′′(e) define two alternat
ing cuts ofG. These cuts coincide if and only ifE′(e) = E′′(e), nevertheless this cut i
counted twice inAC(G). Since any alternating cut crossing the edgee is obtained in this
way, we conclude thate is crossed by exactly two cuts fromAC(G). �
Lemma 4.3 [3]. The border lines of an alternating cut are convex paths. In particular,
alternating cuts ofG and their zones are convex.

Proof. From Lemma 4.2 we conclude that∂A and ∂B are paths. Therefore, it suffice
to establish that they are convex. Assume the contrary and among alternating cu
nonconvex border lines pick an alternating cut{A,B} such that∂A contains a closes
pair of verticesx and y which can be connected by a shortest(x, y)-pathP such that
P ∩ ∂A = {x, y}. Since the lengths of the subpaths of∂A and ∂B, comprised betwee
the end vertices of two edges ofE(A,B), differ by at most 1 (because the cut{A,B} is
alternating), necessarily the whole pathP must belong to the setA: if P is not contained in
A, then we can replacex, y ∈ ∂A with a pair of vertices of∂B ∩P, contrary to our choice
Let z be a neighbor ofx on the pathP. Consider the alternating cuts{A′,B ′} and{A′′,B ′′}
of AC(G) which cross the edgexz. If one of these cuts, say{A′,B ′}, crosses anothe
edgex ′y ′ of P, wherez, y ′ ∈ A′, then by replacingx, y ∈ ∂A with the pairz, y ′ ∈ ∂A′,
we will get a contradiction with the choice ofx, y. Thus, we may assume that both the
alternating cuts separate some adjacent verticesu,v of the path∂A, sayx,u ∈ ∂A′ and
z, v ∈ ∂B ′. We will obtain one of the situations depicted in Fig. 2. In the first case, leH

be the subgraph ofG comprised in the regionR. Let t be the closest tou common vertex
of ∂A and∂A′. If G is a(4,4)-graph, thenH may contain only two cornerst andu. If G

is a(6,3)-graph, thenH may contain at most four corner edges which are all incidentt
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Fig. 2. To the proof of Lemma 4.3.

or tou. Finally, if G is a(3,6)-graph, then any cornerw of H other thant andu will be an
inner vertex ofG having degree at most 5: if, sayw ∈ ∂A′, thenw has at most 4 neighbo
in the zoneZ(A′,B ′) and yet another neighbor located in the interior of the regionR. This
contradicts the fact thatH must contain at least three corners. Now consider the se
possibility from Fig. 2. IfG is a (4,4)-graph or a(6,3)-graph, then from the definitio
of an alternating cut one concludes thatu cannot have other neighbors in∂B ′ exceptv.

Sinceu can have at most one neighbor in∂B, u is an inner vertex ofG of degree 2 or 3
which is impossible ifG is of type(4,4). But, if u has degree 3, then necessarily the in
face ofZ(A,B) containing the edgeuv is either of length 4 or 5, yielding a contradictio
if G is of type(6,3). Finally, if G is of type(3,6), since∂A and∂A′ share the subpat
betweenu andx, one can easily deduce thatu is an inner vertex ofG of degree at most 5
a contradiction. This shows that the border lines of alternating cuts ofG are convex paths
thus the alternating cuts ofG and their zones are convex, too.�

Since every edge ofG is crossed by exactly two alternating cuts fromAC(G) and these
cuts are convex by previous result, an observation of [2] implies that any pair of ve
x, y of G can be separated by exactly 2d(x, y) cuts ofAC(G).

Let e = xy be an edge ofG and let{A′,B ′} and{A′′,B ′′} be the (not necessarily dis
tinct) alternating cuts crossinge, wherex ∈ A′ ∩ A′′ andy ∈ B ′ ∩ B ′′. Let E(A′,B ′) =
E′(e) andE(A′′,B ′′) = E′′(e). We will establish now a relation betweenA′,B ′,A′′,B ′′
and the setsW(x,y),W(y, x),W=(xy) (the third set here may be empty). By removing
edges ofE′(e) ∪ E′′(e) from G but leaving their end vertices, we get a graph whose c
nected components are induced by the pairwise intersectionsA′ ∩ A′′,B ′ ∩ B ′′,A′ ∩ B ′′,
andA′′ ∩ B ′. We assert that these convex sets coincide withW(x,y),W(y, x) and the
connected components ofW=(xy). First notice that from the definition of alternating cu
and the convexity of their border lines it follows thatZ = Z′(e) ∩ Z′′(e) consists of one
or several faces constituting a strip. Notice that each of the end faces ofZ either shares
an edge with the outer face ofG or is an odd face. Denote byF andD these odd faces i
they exist (in fact,F andD are the faces defined in the algorithm of construction of th
alternating cuts). Notice that all other faces ofZ have even length. Letuv andwz be the
first edges ofF andD cut by{A′,B ′} and{A′′,B ′′} while moving fromxy towards these
faces, and assume thatu,w ∈ A′ ∩A′′ andv, z ∈ B ′ ∩B ′′. Let pr ′ andpr ′′ be the opposite
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Fig. 3. The relationship betweenA′,B ′,A′′,B ′′ andW(x,y),W(y,x),W=(xy).

to uv edges ofF and letqt ′ andqt ′′ be the opposite towz edges ofD. Assume that the
cut {A′,B ′} makes turns at the edgespr ′′ andqt ′ such thatp, t ′ ∈ ∂A′ andr ′′, q ∈ ∂B ′.
Then, the cut{A′′,B ′′} makes turns at the edgespr ′ andqt ′′ such thatr ′, q ∈ ∂A′′ and
p, t ′′ ∈ ∂B ′′; see Fig. 3 for an illustration. Since the zonesZ′(e),Z′′(e) and their borde
lines are convex, we conclude that all vertices of∂A′ are closer tox than toy, all vertices
of ∂B ′′ are closer toy than tox, while the vertices of the subpathsL′,L′′ of ∂B ′ and∂A′′,
comprised betweenq and their end vertices of∂G, are equidistant fromx andy as well as
the vertices of the subpathsP ′,P ′′ of ∂A′ and∂B ′′, comprised betweenp and their end
vertices of∂G. Now, if we pick a vertexz in B ′ ∩ A′′, then any shortest path betweenz

andx or y must cross one of the pathsL′ or L′′, thereforez is equidistant fromx andy.

Analogously, all vertices ofA′ ∩ B ′′ are equidistant fromx andy, while all vertices of
A′ ∩A′′ are closer tox than toy and all vertices ofB ′ ∩B ′′ are closer toy than tox. Since
any path connecting vertices from different convex setsA′ ∩A′′,A′ ∩B ′′,B ′ ∩A′′,B ′ ∩A′′
necessarily employs an edge ofE′(e)∪E′′(e), these sets are the connected componen
the graph obtained fromG by removing the edges ofE′(e) ∪ E′′(e). If both F andD do
not exist, then the cuts{A′,B ′} and{A′′,B ′′} coincide, and if only one of the facesF,D

exists, thenW=(xy) consists of a single convex component. Summarizing, we obtai
following result:

Lemma 4.4. W(x,y) = A′ ∩ A′′,W(y, x) = B ′ ∩ B ′′, while W=(x, y) := B ′ ∩ A′′ and
W=(y, x) := A′ ∩ B ′′ constitute a partition ofW=(xy) into two (maybe empty) convex
subsets.

From the previous discussion we also conclude that every vertexz′ ∈ W=(x, y) can be
connected tox andy by a shortest path going viap. Moreover,p is the furthest fromz′
vertex ofI (z′, x)∩ I (z′, y). We callp theapexof z′ with respect tox andy. Analogously,
one can define the apex of every vertexz′′ ∈ W=(y, x) and see that it coincides with th
vertexq (see Fig. 3).
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4.2. Faces

We continue with some properties of inner faces ofG.

Lemma 4.5. The intersection of two inner faces ofG is empty, a vertex, or an edge.

Proof. Let F ′ andF ′′ be two intersecting inner faces. ThenF ′ ∩ F ′′ cannot contain path
of length 2, because all inner vertices must have degree at least 3. Thus,F ′ ∩F ′′ consists of
a sequence of isolated vertices and edges. LetR be the region bounded by two paths ofF ′
andF ′′, respectively, comprised between two consecutive non-adjacent common vertic
The subgraphH of G comprised inR has the same type asG but does not contain vertice
of degree 2 at all. This leads to a contradiction for the case of(4,4)- and(6,3)-graphs. If
G is a (3,6)-graph, any corner of degree 3 ofH is an inner vertex of degree 3 or 4 ofG,

which is impossible. This establishes our assertion.�
Lemma 4.6. Every inner faceF of G is convex.

Proof. Assume, by way of contradiction, thattwo (necessarily non adjacent) vertic
u,v of F can be connected by a shortest pathP outsideF, i.e., P ∩ F = {u,v}. From
Lemma 4.3 we conclude thatu andv will be separated by any alternating cut{A,B} which
crosses the faceF. Let {A,B} crossF along the edgesu′v′ andu′′v′′, whereu′, u′′ ∈ A,

v′, v′′ ∈ B and suppose, without loss of generality, that the edgeu′v′ is located in the inte
rior of the region of the plane bounded byP and the subpath ofF comprised betweenu and
v and passing via the edgeu′′v′′. Moreover,{A,B} cuts the pathP in some edgexy, where
x ∈ A andy ∈ B. Thenu′, u′′, x ∈ ∂A andv′, v′′, y ∈ ∂B. By Lemma 4.3,∂A and∂B are
convex paths of the graphG. Thus, one of the verticesu′, u′′, x is located in∂A between
other two. Notice also that the vertexu is betweenu′ andu′′, therefore it also belongs t
∂A. Since the subpath ofP betweenu andx is a shortest path, it also belongs to∂A. There-
fore u = u′, otherwise the vertexu of ∂A will have three neighbors in∂A. Analogously,
one concludes thatv = v′, i.e.,u andv are adjacent, contrary to their choice.�
Lemma 4.7. Every inner faceF of G is quasigated.

Proof. Suppose there exist vertices ofG whose projections onF contain non-adjacen
vertices and among such triplets select the verticesx /∈ F, u, v ∈ Pr(x,F ) minimizing the
distance sumd(x,u) + d(u, v) + d(v, x). Pick shortest(u, x)- and (v, x)-pathsP ′ and
P ′′. Let Q′ andQ′′ be the subpaths ofF comprised betweenu andv, and assume, withou
loss of generality, thatQ′ is located in the interior of the region bounded by the clo
walk P ′ ∪ P ′′ ∪ Q′′. Let w be the neighbor ofu in Q′. Thend(x,w) � d(x,u), because
u ∈ Pr(x,F ). As we noticed above, there exist exactly 2d(u, x) cuts ofAC(G) separating
u andx and exactly 2d(w,x) cuts ofAC(G) separatingw andx. Every alternating cut sep
arating the vertexw from x andv also separatesu from x. Analogously, every alternatin
cut separatingx from v andw also separatesx from u. If both alternating cuts separatingu
andw also separateu andx, then we will obtain that 2d(u, x) > 2d(w,x), which is impos-
sible. Therefore there exists a cut{A,B} ∈ AC(G) such thatu,x ∈ A andw,v ∈ B. This
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cut separates two adjacent verticesp,q ∈ P ′′ and two adjacent verticesu′,w′ ∈ Q′′, where
u′,p ∈ A andv′, q ∈ B. Notice thatu′, u,p ∈ ∂A andv′,w,q ∈ ∂B. Since∂B is convex
by Lemma 4.3, the verticesv andw lie on this path. Therefore,w ∈ I (v, q) ⊂ I (v, x),

contrary to the assumption thatI (x, v) ∩ F = {v}. This establishes that the vertices
Pr(x,F ) are pairwise adjacent. Since the graphs of types(4,4) and(6,3) are triangle-free
we immediately obtain that in this case Pr(x,F ) consists of one or two vertices. IfG is of
type (3,6), however|Pr(x,F )| > 2, thenF is 3-cycle(u, v,w) whose vertices have th
same distance tox. One of these vertices, sayu, is located in the regionR bounded by the
edgevw and two shortest paths connectingv,w with x. Consider the subgraph (of typ
(3,6)) of G induced by the vertices lying insideR or on the boundary ofR. By Lemma 4.1,
all inner vertices of this graph must be closer tox thanv andw, which is not the case foru.�
Lemma 4.8. Given three verticesx, y, z such thatd(x, z) = d(y, z) andd(x, y) = 1, either
x, y, z belong to a common odd face or there exists an even faceF0 such that the edgesxy

andz′z′′ are opposite inF0, wherePr(z,F0) = {z′, z′′}.

Proof. Consider the partition ofG provided by Lemma 4.4, and let sayz ∈ W=(x, y). If
in Fig. 3 the edgexy belongs to the faceF, thenF is the required odd face, otherwiseF0
is the even face ofZ incident toxy comprised betweenxy andF. �
4.3. Intervals

The following property of intervals will be of much use.

Lemma 4.9. The vertexx has at most two(consecutive) neighbors in the intervalI (x, y).

If G is a (6,3)-graph, thenI (x, y) contains at most two vertices at distance2 from x.

Moreover, ifx has two neighbors and two vertices at distance2 in I (x, y), then these five
vertices belong to a common inner face ofG.

Proof. We proceed by induction ond(x, y). Pick two neighborsu,w of x in I (x, y) and let
P ′ andP ′′ be two shortest(x, y)-paths passing viau andw. Sincex is the unique furthes
from y vertex of the closed walkP ′ ∪ P ′′, from Lemma 4.1 we infer that all vertices ofG,
located in the regionR bounded byP ′ ∪ P ′′, are closer toy than the vertexx. Therefore,
any neighborv ∈ R of x also belongs to the intervalI (x, y). So, further assume thatI (x, y)

contains three consecutive neighborsu,v,w, such thatx,u, v belong to the faceF ′ and
x, v,w belong to the faceF ′′ of G. ThenF ′ ∩ F ′′ = {x, v}, by Lemma 4.5. IfF ′ andF ′′
have length� 4, let v′ andv′′ be the (different) neighbors ofv in the facesF ′ andF ′′.
Sincev′, v′′ ∈ I (v, y) in view of Lemma 4.7, by the induction assumption, we concl
thatv, v′, andv′′ belong to a common inner faceF of G. As a consequence, we infer th
v is an inner vertex ofG of degree 3, leading to a contradiction ifG is of type(4,4) or
(3,6). If F ′,F ′′ have length 3 each (i.e.,G has the type(3,6)), then the edgesuv and
vw belong to two other inner facesD′ andD′′. Let v′ andv′′ be the neighbors ofv in D′
andD′′. Sincev′, v′′ ∈ I (v, y) by Lemma 4.8, the verticesv, v′, v′′ belong to a common
faceD, and we conclude thatv has degree 5 ifv′ �= v′′ and degree 4 ifv′ = v′′. The case
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whenG is of type(3,6) and only one of the facesF ′ andF ′′ has length 3 is analogou
On the other hand, ifG is of type(6,3), thenv has inI (v, y) four vertices at distance 2
in contradiction to the induction hypothesis. Thus, in all cases,x may have maximum two
consecutive neighbors inI (x, y). To complete the proof, it remains to establish that ifG

is of type(6,3), thenI (x, y) contains at most two vertices at distance 2 fromx. Let u and
v be the neighbors ofx in I (x, y), and letF be the inner face ofG passing viax,u, and
v. Let u′ andv′ be the neighbors ofu andv in F, and suppose, by way of contradictio
thatv has yet another neighborv′′ in I (v, y) ⊂ I (x, y). The verticesv′, v, v′′ belong to a
common inner faceF ′ of G. As F ∩ F ′ = {v, v′} and the facesF andF ′ are quasigate
and have at least 6 vertices each, we conclude that the neighbors ofv′ in F andF ′ and
the neighbor ofv′′ in F ′ are all different and belong to the intervalI (v, y), contrary to the
induction hypothesis. �
4.4. Projections on zones

We specify the structure of projections ofvertices on zones for each type of graphs.

Lemma 4.10. The zoneZ(A,B) of any alternating cut{A,B} of a (4,4)-graph G is
quasigated, i.e.,Pr(x,Z(A,B)) consists of one or two adjacent vertices.

Proof. Let x ∈ A and denote bya, b the end vertices of the path∂A. Let u and v be
the vertices of Pr(x,Z(A,B)) closest toa andb, respectively. Thenu ∈ I (a, x) andv ∈
I (b, x). Suppose thatd(x, v) � d(x,u) and callk = d(x, v) thedistanceof x to Z(A,B).

We proceed by induction onk. Suppose, by way of contradiction, thatu andv are not
adjacent. Then, the neighborw of v in the convex pathI (u, v) ⊆ ∂A is different fromu. Let
y be a neighbor ofx in I (x, v). Since the distance ofy to Z(A,B) is smaller thank, by the
induction hypothesisy has a quasigate inZ(A,B). Hence, either Pr(y,Z(A,B)) = {v} or
Pr(y,Z(A,B)) = {v,w}. Notice thatd(y,w) � d(y, v), otherwisew ∈ I (y, v) ⊂ I (x, v),

contrary to the fact thatv ∈ Pr(x,Z(A,B)). We will assume that Pr(y,Z(A,B)) = {v,w},
the other case being similar. Thenw ∈ I (u, y) ⊆ I (a, y). Let z be the neighbor ofu in
the convex pathI (u,w). Thenv,w,y ∈ W(z,u), while x /∈ W(z,u) from the choice ofu.

From Lemma 4.4 we infer that one of the alternating cuts (say,{A′,B ′}), crossing the edg
uz, also crosses the edgexy, sayu,x ∈ ∂A′ andz, y ∈ ∂B ′. Lemma 4.3 yieldsI (u, x) ⊆
∂A′ andI (z,w) ⊂ I (z, y) ⊆ ∂B ′. Henceuz is an inner edge ofE(A′,B ′). Let F ′ andF ′′
be the faces ofZ(A′,B ′) sharinguz, whereF ′ ∈ Z(A,B). If z �= w, thenF ′′ contains the
edgezt of the pathI (z,w) incident toz. SinceF ′′ ∩ F ′ = {u, z}, the edgezt belongs to
a faceF �= F ′ of the zoneZ(A,B). Since the faces ofG have at least 4 edges and t
cut {A′,B ′} is alternating, we deduce thatz is an inner vertex of degree 3, a contradicti
Now suppose thatz = w, i.e.,d(u, v) = 2. In this case,d(x,u) = d(x, z) = d(x, v). Also
d(y, v) = d(y,w) becausev,w ∈ Pr(y,Z(A,B)). Let y0 be the apex ofy with respect to
v,w, and lety ′ be the neighbor ofy0 in the convex pathI (y0, z) ⊆ ∂B ′. Theny ′ ∈ W(z, v)

andy0 /∈ W(z, v), whence, by Lemma 4.4, there is an alternating cut{A′′,B ′′} crossing
y0y

′ andvz, sayy ′, z ∈ ∂A′′ andy0, v ∈ ∂B ′′. Sincey ′ ∈ ∂B ′ andG has type(4,4), one
can easily see thaty ′ is an inner vertex of degree at most 3: except its two neighbo
I (x, z), y ′ may have only one other neighbor in∂A′. �
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For a vertexx ∈ A, we call two verticesu,v of Pr(x,Z(A,B)) ⊆ ∂A consecutive
if the subpathP of ∂A comprised betweenu and v does not contain other vertices
Pr(x,Z(A,B)).

Lemma 4.11. If {A,B} is an alternating cut of a(3,6)-graph G and x ∈ A, then
Pr(x,Z(A,B)) induces a(convex) subpath of∂A which consists of vertices having th
same distance tox.

Proof. Pr(x,Z(A,B)) is a subset of the convex path∂A. To establish the assertion,
suffices to show that two consecutive verticesu,v of Pr(x,Z(A,B)) are adjacent inG.

Suppose, by way of contradiction, thatu andv are not adjacent, and letP be the subpath
of ∂A betweenu andv. Then, for any vertexw ∈ P \ {u,v}, at least one of the verticesu,v

belongs toI (w,x). Therefore, there exist two adjacent or coinciding verticesw′,w′′ ∈ P

such thatu ∈ I (w′, x) andv ∈ I (w′′, x). If w′ = w′′, then the neighborst ′ andt ′′ of w′ in
∂A belong to the intervalI (w′, x), thereforew′, t ′, andt ′′ belong to a common inner fac
F (by Lemma 4.9). SinceF is not inZ(A,B) andw′ belongs to at most three inner fac
of Z(A,B), we deduce thatw′ is an inner vertex of degree at most 4:w′ has two neighbor
in ∂A, at most two neighbors in∂B and no other neighbors, yielding a contradiction.

Now suppose thatw′ andw′′ are adjacent andw′ /∈ I (w′′, x),w′′ /∈ I (w′, x), whence
d(x,w′) = d(x,w′′). Notice also thatw′ �= u or w′′ �= v, say the second. Letx0 be the
apex ofx with respect tow′,w′′, and letx ′ ∈ I (x0,w

′) andx ′′ ∈ I (x0,w
′′) be adjacen

to x0. Consider the two alternating cuts{A′,B ′} and {A′′,B ′′} crossing the edgew′w′′.
Then one of these cuts, say{A′,B ′}, will cross the edgex0x

′ and the second one{A′′,B ′′}
will cross the edgex0x

′′. Obviously, the cut{A′,B ′} will also cross an edge of eve
shortest(x,u)-path and the cut{A′′,B ′′} will cross an edgez′z′′ of every shortest(x, v)-
path. Letx, z′,w′ ∈ A′′ andz′′,w′′ ∈ B ′′, more preciselyz′,w′ ∈ ∂A′′ andz′′,w′′ ∈ ∂B ′′.
Let alsoF be the face ofZ(A,B) containing the edgew′w′′. Sincev ∈ I (w′′, x) and
z′′ ∈ I (v, x), we conclude thatv ∈ I (w′′, z′′) ⊆ ∂B ′. Therefore, the vertexw′′ belongs to a
faceF ∈ Z(A,B) ∩ Z(A′′,B ′′), to another faceD of Z(A′′,B ′′) and maybe to two othe
faces ofZ(A,B). Sincew′′ may have only one neighbor inD ∩ ∂A′′, except its neighbo
in I (w′′, v) (this will happen ifD has length 3), we conclude thatw′′ is an inner vertex o
G but its degree is 4 or 5, a contradiction.�

In the case of(6,3)-graphs, it is shown in [8] that Pr(x,Z(A,B)) is either a ver-
tex, or two adjacent vertices, or a sequence of verticesu1, u2, . . . , uk of ∂A such that
d(ui, ui+1) = 2 for all i = 1, . . . , k − 1; in the latter case, all vertices of Pr(x,Z(A,B))

except maybe the leftmost and/or the rightmost vertices have the same distance tox, while
one or both end vertices may be one step further fromx.

Lemma 4.12. Given a vertexx ∈ A \ ∂A and an alternating cut{A,B} of G, there exist
two (not necessarily distinct) neighborsux andvx of x such thatI (x,w) ∩ {ux, vx} �= ∅
for any vertexw ∈ Pr(x,Z(A,B)). In particular, I (x, y) ∩ {ux, vx} �= ∅ for any vertex
y ∈ B. Analogously, any vertexx ∈ ∂A has two neighborsux, vx in Z(A,B) such that
I (x, y) ∩ {ux, vx} �= ∅ for any vertexy ∈ B.
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Proof. First suppose thatx ∈ A \ ∂A. The result is obvious if Pr(x,Z(A,B)) consists
of one or two vertices (in particular, for(4,4)-graphs in view of Lemma 4.10): asux

andvx it suffices to take any neighbors ofx on shortest paths connectingx with the ver-
tices from the projection. Analogously, ifx contains a neighborux ∈ I (x,u) ∩ I (x, v)

(whereu andv are the end vertices of Pr(x,Z(A,B))), then from the properties of pro
jections one concludes that Pr(ux,Z(A,B)) = Pr(x,Z(A,B)) and thatux ∈ I (x,w) for
any w ∈ Pr(x,Z(A,B)). So, further assume thatI (x,u) ∩ I (x, v) = {x}, in particular,
d(x, v) � d(ux, v) for any neighborux of x in I (x,u). Let v′ be the closest tov ver-
tex of Pr(ux,Z(A,B)) (i.e., Pr(ux,Z(A,B)) ⊆ I (u, v′)) and lett be a neighbor ofux in
I (ux, v′) ⊆ I (ux, v). If d(x, v) < d(ux, v), then denote byF the face containing the ve
ticesux, t, x (see Lemma 4.9), otherwise ifd(x, v) = d(ux, v), then denote byF the face
containing the edgexux and provided by Lemma 4.8. Letvx be the neighbor ofx in F

different fromux.

First, suppose thatG is a graph of type(3,6). By Lemma 4.11, Pr(x,Z(A,B)) =
I (u, v) and all its vertices have the same distance tox. Moreover Pr(ux,Z(A,B)) ⊆
Pr(x,Z(A,B)) and every vertex of Pr(ux,Z(A,B)) is closer toux than tox, because
ux is one step closer toZ(A,B) than x. Suppose, by way of contradiction, thatv′ is
not adjacent tov (otherwise we are done). Sincev′ ∈ I (v,ux) andd(x, v) � d(ux, v) we
conclude thatd(v′, v) = 2 andx ∈ I (ux, v). The faceF defined above and passing v
ux, t, x will have length� 4, otherwisex and t are adjacent andux /∈ I (x, v′). Since
x, t ∈ I (ux, v) andF is quasigated, one can easily conclude thatvx ∈ I (x, v). We also
assert that{ux, vx} ∩ I (x,w) �= ∅, wherew is the common neighbor ofv′ andv. Indeed,
the vertext is closer tow than the verticesux andx, therefore the distance fromw to F is
at mostd(w,x) − 1, thusx /∈ I (x,w) ∩ Pr(w,F ) and a shortest path fromx to w crossing
this intersection will go viaux or vx. �
4.5. A distance property

Let v be an inner vertex ofG and letu0, u1, . . . , uk−1 be the neighbors ofv labeled
counterclockwise. Notice that the setsW(ui, v) andW(uj , v) are disjoint unlessui anduj

are consecutive or coincide. Indeed, ifz ∈ W(ui, v) ∩ W(uj , v) and i �= j, thenui, uj ∈
I (v, z), therefore, by Lemma 4.9,ui anduj are consecutive neighbors ofx.

Lemma 4.13. If G is a (4,4)-graph(or a (6,3)-graph), x ∈ W(ui, v), y ∈ W(uj , v), and
ui, uj are notp-consecutive forp � 2, thenv ∈ I (x, y). Analogously, ifG is a (3,6)-
graph,x ∈ W(ui, v), y ∈ W(uj , v), andui, uj are notp-consecutive forp � 3, thenv ∈
I (x, y).

Proof. First, by induction ond(y,uj ), we will show that ify ∈ W(uj , v) andui anduj

are not consecutive in a graphG of type (4,4) (or (6,3)), thenv ∈ I (ui , y) (this covers
the assertion in the casex = ui ). An analogous assertion holds for a(3,6)-graph pro-
videdui anduj are neither consecutive nor 2-consecutive. The result is obvious ify = uj .

So, assumey �= uj and lety ′ be a neighbor ofy in I (y,uj ). Sincey ′ ∈ W(uj , v), the
induction hypothesis yieldsv ∈ I (ui , y

′), therefore,y ′ ∈ W(v,ui ). If v /∈ I (ui , y), then
y /∈ W(v,ui ). From Lemma 4.4 there exists an alternating cut{A,B} such thatui, y ∈ ∂A
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andv, y ′ ∈ ∂B. Moreoveruj ∈ I (v, y ′) ⊆ ∂B. This immediately implies that the vertice
ui, v,uj belong to a common face ofZ(A,B), which is impossible becauseui anduj are
not consecutive. For(3,6)-graphs either we get the same contradiction, orui, v, and the
neighborz of ui in ∂A constitute a triangular face ofZ(A,B), while v, z, anduj belong
to another face ofZ(A,B), from which we infer thatui anduj are 2-consecutive. Thi
contradiction establishes the required inclusionv ∈ I (ui , y).

Now we consider the general casex �= ui. We may suppose, without loss of general
that I (x, y) ∩ W(ui, v) = {x}, otherwise we can use induction ond(x,ui). Let z be a
neighbor ofx in I (x, y). Sincez /∈ W(ui, v), by Lemma 4.4, there exists an alternat
cut {A,B} crossing the edgesuiv andxz. Let ui, x ∈ ∂A andv, z ∈ ∂B. Denote byul the
neighbor ofv in the convex path∂B. Sinceul anduj are not consecutive ifG is a graph
of type(4,4) or (6,3), andul anduj are not consecutive or 2-consecutive ifG is a graph
of type(3,6), from the first part of this proof we obtain thatv ∈ I (ul, y).

If the projection ofy on Z(A,B) does not intersect the subpath of∂B starting atul,

passing viaz, and ending at a vertex of∂G, thenv ∈ I (z, y) ⊂ I (x, y), and we are done
On the other hand, if the whole projection Pr(y,Z(A,B)) is contained in this subpat
of ∂B, then necessarilyul ∈ I (v, y). Sinceuj ∈ I (v, y), from Lemma 4.9 we conclud
thatul anduj are consecutive, i.e.,ui anduj must be 2-consecutive. So, Pr(y,Z(A,B))

must have vertices of∂B on both sides oful. This is impossible ifG is a graph of type
(4,4): by Lemma 4.10, Pr(y,Z(A,B)) will consist of two adjacent verticesv and ul ,
howeverv ∈ I (ul , y) as noticed above. IfG is a (3,6)-graph, then Lemma 4.11 implie
that bothv andul belong to Pr(y,Z(A,B)), which is impossible becausev ∈ I (ul, y) by
what has been shown above. This contradiction completes the proof.�
4.6. Partition into cones

Let v be a median vertex ofG (which we assume to be an inner vertex) and letN(v) =
{u0, . . . , uk−1} be the set of neighbors ofv ordered counterclockwise aroundv. Every edge
vui is crossed by two alternating cuts{A′

i ,B
′
i} and{A′′

i ,B
′′
i }. Recall that we have chose

an orientation of these cuts such thatv is on the left border. Moreover, we suppose t
{A′

i ,B
′
i} is the cut for which the last turn beforeuiv (if it exists) is to the right and thu

the next turn afteruiv is to the left. For each neighborui of v, define thecone with apex
ui asCv(ui) := B ′

i ∩ A′
i+1(mod k). Let Γi be the closed walk which starts atui follows

∂B ′
i backward (with respect to the orientation of the cut{A′

i ,B
′
i}) until a boundary vertex

bi ∈ ∂G ∩ ∂B ′
i , traverses the boundary∂G counterclockwise until it meets a vertexai in

∂A′
i+1 ∩ ∂G and then goes back toui following the subpath of∂A′

i+1 comprised betwee
ai andui . From the definition ofCv(ui) and Lemma 4.4 it follows that the coneCv(ui)

consists of all vertices ofG lying onΓi or inside the region bounded byΓi (see Fig. 4).

Lemma 4.14. Cv(ui) consists of all verticesx such thatI (v, x) ∩ N(v) equals{ui} or
{ui−1, ui}. In particular, together with{v} the conesCv(ui) (i = 0, . . . , k − 1) constitute a
partition of the vertex set ofG, each set containing at mostn/2 vertices.

Proof. We first show that for a vertexx ∈ Cv(ui) any shortest(x, v)-path goes viaui or
ui−1. Let yz be the first edge on this path such thaty ∈ Cv(ui) andz /∈ Cv(ui). Then, either
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Fig. 4. The coneCv(ui ).

y ∈ ∂A′
i+1 andz ∈ ∂B ′

i+1 or y ∈ ∂B ′
i andz ∈ ∂A′

i . In the first case, sinceui is located on
the subpath of the convex path∂A′

i+1 betweeny andv, the unique shortest(y, v)-path
is a subpath of∂A′

i+1 which traversesui . In the second case, analogously, eitherz = v

or ui−1 is located on the subpath of the convex path∂A′
i betweenz andv (z andui−1

may coincide). Therefore, the unique shortest(z, v)-path goes viaui−1. Hence no shortes
(x, v)-path goes via a neighbor ofv different fromui andui−1. Conversely, letx be a
vertex ofG such thatI (x, v) ∩ N(v) equals{ui} or {ui−1, ui}. Pick a shortest(x, v)-path
which goes viaui. Pick the first edgeyz on this path such thatz /∈ Cv(ui) andy ∈ Cv(ui).

If y ∈ ∂B ′
i and z ∈ ∂A′

i , we obtain a contradiction with the convexity of∂A′
i because

z, v ∈ ∂A′
i while a shortest path joining them leaves∂A′

i . Otherwise, we havez ∈ ∂B ′
i+1

andy ∈ ∂A′
i+1. By Lemma 4.4,z belongs toW(ui+1, v), hence there is a shortest(z, v)-

path which goes viaui+1, in contradiction with the choice ofx. �
Two conesCv(ui) andCv(uj ) are calledp-neighboringif min{|i − j |, k−|i − j |} = p.

Lemma 4.15. If x ∈ Cv(ui) and y ∈ Cv(uj ) and the conesCv(ui) and Cv(uj ) are not
p-neighboring forp � 2, thend(x, y) = d(x, v) + d(v, y).

Proof. For graphs of type(4,4) (or (6,3)) the result directly follows from Lemma 4.1
becauseCv(ui) ⊆ W(ui, v) andCv(uj ) ⊆ W(uj , v) by Lemma 4.14. The same argume
can be applied for(3,6)-graphs except for the case whenui anduj are 3-consecutive. Le
ul be as in the proof of Lemma 4.13. Following the same proof, we will obtain the req
propertyd(x, y) = d(x, v) + d(x, y) except the case whenv,ul ∈ Pr(y,Z(A,B)). Then
d(y, v) = d(y,ul). Consider the faceF /∈ Z(A,B) containing the edgevul and provided
by Lemma 4.8. Then the neighborur �= ul of v in F belongs to the intervalI (v, y). Since
uj also belongs toI (v, y), from Lemma 4.9 we infer thatur anduj are consecutive. In
the partition into cones,y will belong to the coneCv(ur), which is 2-neighboring with
Cv(ui), and not toCv(uj ). �
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5. Distance queries and routing

In this section, we describe in details the distance and routing labeling scheme
graphG of type(4,4) and(3,6).

5.1. Computing the distance between two verticesx ∈ A andy ∈ B

In this subsection, given an alternating cut{A,B} with the zoneZ(A,B), we show how
to compute in constant time the distanced(x, y) between two verticesx ∈ A andy ∈ B.

We use the short-handsP := Pr(x,Z(A,B)) andQ := Pr(y,Z(A,B)). Recall also that for
a vertexp and a subsetS of G, thedistancefrom p to S is d(x,S) = min{d(x, s): s ∈ S}.

By Lemmas 4.10 and 4.11, ifG is a (4,4)- or a (3,6)-graph, thenP andQ are paths
and the distanced(x, y) can be computed using the formulad(x, y) = d(x,Z(A,B)) +
d(P,Q) + d(y,Z(A,B)). In order to implement this formula in constant time, it suffic
to keep atx the distanced(x,Z(A,B)) = d(x,P ) and two labels allowing to locate in∂A

the end verticesp′,p′′ of P, and aty the distanced(y,Z(A,B)) = d(y,Q) and two labels
allowing to locate in∂B the end verticesq ′, q ′′ of Q.

Before describing the proceduredistance_paths which reports in constant time th
distance between two pathsP ⊆ ∂A and Q ⊆ ∂B of the zoneZ(A,B), we present
an encoding of the vertices ofZ(A,B) which allows to compute the distance betwe
any two verticesp ∈ ∂A andq ∈ ∂B in O(1) time. Pick an edgeab ∈ E(A,B) ∩ ∂G,

wherea ∈ ∂A, b ∈ ∂B, and ∂A is the left border line ofZ(A,B). Suppose, withou
loss of generality, that the last turn (if it exists) ofE(A,B) before the edgeab is to
the right (the other case being analogous). Then for every edgea′b′ ∈ Z(A,B) with
a′ ∈ A and b′ ∈ B either d(a, a′) = d(b, b′) or d(a, a′) = d(b, b′) + 1 holds. We say
that the edgea′b′ is horizontal in the first case andinclined in the second case. For
vertexb′ ∈ ∂B defineα1(b

′) := min{d(a′, a) − d(b′, b): a′b′ ∈ E(A,B)} andα2(b
′) :=

max{d(a′, a) − d(b′, b): a′b′ ∈ E(A,B)}. If G is of type (4,4) then b′ has a unique
neighbor in∂A (because∂A is convex by Lemma 4.3 andG is triangle-free), and thu
α1(b

′) = α2(b
′) ∈ {0,1}. On the other hand, ifG is of type(3,6) andb′ belongs to a trian

gular face of the zoneZ(A,B), then we may haveα1(b
′) = 0 andα2(b

′) = 1. We say that
a vertexa′ ∈ ∂A is abovevertexp ∈ ∂A if it belongs to the subpath of∂A comprised be-
tweenp anda, andbelowp otherwise (we employ the same terminology for vertexq ∈ ∂B

and the verticesb′ ∈ ∂B). By convention,p is above and below itself. Letr(p) be the first
vertex abovep which is incident to an inclined edge ofE(A,B) and lets(p) be the first
vertex belowp which is incident to a horizontal edge ofE(A,B) (if such vertices do no
exist, then setr(p) := a and lets(p) be the second end vertex of∂A). Let above(p) and
below(p) be the first vertices above and belowp which are incident to edges ofE(A,B)

(notice thatabove(p) = p = below(p) if p has a neighbor in∂B). Let alsoAbove(p) (with
capital A) be the first vertex strictly abovep which is incident to an edge ofE(A,B) (if
p = a we setAbove(p) := p). Clearly, unlessp = a, Above(p) �= p holds. Analogously
defineabove(q), Above(q) and below(q) for the verticesq ∈ ∂B. We say that a verte
p ∈ ∂A is abovea vertexq ∈ ∂B if d(a,below(p)) � d(b,above(q)) + α2(above(q)) (in a
similar way, we sayq is abovep if d(b,below(q)) + α1(below(q)) � d(a,above(p))).
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Using the labels introduced in previous paragraph, we can recognize inO(1) time if
two verticesp′,p′′ ∈ ∂A belong to a common face ofZ(A,B): this holds if and only if

d
(
a,Above(p′)

) = d
(
a,Above(p′′)

)
or

d
(
a,below(p′)

) = d(a,p′) = d
(
a,Above(p′′)

)
(a similar test can be applied to the verticesq ′, q ′′ ∈ ∂B). Analogously, one can test i
O(1) time if two verticesp ∈ ∂A andq ∈ ∂B belong to a common face ofZ(A,B). This
happens if and only if at least one of the equalities

(p = a andq = b) or d
(
a,Above(p)

) = d
(
b,Above(q)

) + α2
(
Above(q)

)
or

d
(
a,below(p)

) = d(a,p) = d
(
b,Above(q)

) + α2
(
Above(q)

)
or

d
(
b,below(q)

) = d(b, q) = d
(
a,Above(p)

) − α2
(
above(q)

)
or

d
(
a,Above(p)

) = d(a,p) − 1 = d(b, q) = d
(
b,below(q)

)
holds. We call this thecommon_face_test (its formal description is given below).

If for two verticesp ∈ ∂A andq ∈ ∂B, one is above another one, then a simple c
analysis shows thatd(p,q) can be computed via the formula (see Fig. 5(a))

d(p,q) = ∣∣d(p,a) − d(q, b)
∣∣ + ε, (1)

where

ε =
{0 if d(q, b) < d(r(p), a),

1 if d(r(p), a) � d(q, b) < d(p,a) or d(s(p), a) � d(q, b),

2 if d(p,a) � d(q, b) < d(s(p), a).

Otherwise, one can see thatp andq belong to a common face ofZ(A,B) and thatd(p,q)

is the minimum of

d(a,p) − d
(
a,above(p)

) + 1+ d(b, q) − d
(
b,above(q)

)
and (2)

d
(
a,below(p)

) − d(a,p) + 1+ d
(
b,below(q)

) − d(b, q). (3)

(a) To formula (1). (b) Cases (i)–(iv).

Fig. 5.



ARTICLE IN PRESS
S0196-6774(04)00141-5/FLA AID:1396 Vol.•••(•••) [DTD5] P.22 (1-29)
YJAGM:m1 v 1.21 Prn:13/09/2004; 13:36 yjagm1396 by:Vita p. 22

22 V. Chepoi et al. / Journal of Algorithms••• (••••) •••–•••
Therefore, we can retrieved(p,q) in O(1) time from the label

Bp := ( 1 2 3 4 5 6

1, d(p, a), d
(
above(p), a

)
, d

(
below(p), a

)
, d

(
s(p), a

)
, d

(
r(p), a

)
,

7

d
(
Above(p), a

))
of p ∈ ∂A and the label

Bq := ( 1 2 3 4 5 6

0, d(q, b), d
(
above(q), b

)
, d

(
below(q), b

)
, α2

(
above(q)

)
, α1

(
below(q)

)
,

7 8

d
(
Above(q), b

)
, α2

(
Above(q)

))
of q ∈ ∂B (see functiondistance_vertices(Bp,Bq ) below). The first entry inBp (and inBq )
is a bit that indicates that the last turn (if it exists) ofE(A,B), before the edgeab, is to
the right. If the last turn is to the left, we need to interchange the roles ofp andq in the
consideration.

Notice also thatd(p′,p′′) = |d(a,p′) − d(a,p′′)| for any two verticesp′,p′′ ∈ ∂A and
d(q ′, q ′′) = |d(b, q ′) − d(b, q ′′)| for any two verticesq ′, q ′′ ∈ ∂B.

function distance_vertices(Bp,Bq )

if Bp(1) = 0 then /* rename inputs */ setC := Bp , Bp := Bq , Bq := C

if Bp(4) � Bq(3) + Bq(5) or Bq(4) + Bq(6) � Bp(3) then
if Bq(2) < Bp(6) then setε := 0
if Bp(6) � Bq(2) < Bp(2) or Bp(5) � Bq(2) then setε := 1
if Bp(2) � Bq(2) < Bp(5) then setε := 2
return|Bp(2) − Bq(2)| + ε.

else
return min{Bp(2) − Bp(3) + 1+ Bq(2) − Bq(3),

Bp(4) − Bp(2) + 1+ Bq(4) − Bq(2)}

function common_face_test(Bp,Bq , flag)
do case

case flag= 0 /* i.e., p andq are on the same side of the zone */
if Bp(7) = Bq(7) or Bp(4) = Bp(2) = Bq(7) then returntrue
else returnfalse

case flag= 1 /* i.e., p andq are on different sides of the zone */
if Bp(1) = 0 then /* rename inputs */ setC := Bp,Bp := Bq,Bq := C

if Bp(2) = Bq(2) = 0 orBp(7) = Bq(7) + Bq(8) or
Bp(4) = Bp(2) = Bq(7) + Bq(8) or Bq(4) = Bq(2) = Bp(7) + Bq(5) or
Bp(7) = Bp(2) − 1 = Bq(2) = Bq(4) then returntrue

else returnfalse
end case.

Now we will adjust this labeling scheme in order to compute the distanced(P,Q) :=
min{d(p,q): p ∈ P, q ∈ Q} between two pathsP ⊆ ∂A andQ ⊆ ∂B. Let p′,p′′ be the
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;
e

er-

h

e paths
end vertices ofP and letq ′, q ′′ be the end vertices ofQ, such thatd(p′, a) � d(p′′, a) and
d(q ′, b) � d(q ′′, b). We distinguish between four complementary cases depending o
reciprocal location ofP andQ; see Fig. 5(b) for an illustration:

(i) one path is above another;
(ii) one path is contained in a face ofZ(A,B) and the second path intersects this face
(iii) there is a unique faceF of Z(A,B) intersecting both pathsP,Q and neither of thes

paths is contained inF ;
(iv) several faces ofZ(A,B) intersect both pathsP andQ.

We say that pathP is aboveQ if p′′ is aboveq ′. In this case,d(P,Q) = d(p′′, q ′).
Analogously,Q is aboveP if q ′′ is abovep′. Then d(P,Q) = d(p′, q ′′). This settles
case (i), therefore further we may suppose that neitherP is aboveQ norQ is aboveP .

Applying thecommon_face_test, we can check in constant time if any pair of the v
ticesp′,p′′, q ′, q ′′ belong to a common face ofZ(A,B). Suppose this test returned thatp′
andp′′ belong to a common face, sayF. If q ′ andq ′′ also belong to a common face (whic
cannot be other thanF ), then

d(P,Q) = min
{
d(p′, q ′), d(p′′, q ′′)

}
. (4)

If q ′ ∈ F andq ′′ /∈ F (employing thecommon_face_test for p′, q ′ andp′, q ′′), then

d(P,Q) = min
{
d(p′, q ′), d

(
p′′,below(p′′)

) + 1
}
, (5)

because the neighbor ofbelow(p′′) in ∂B will be a vertex ofQ (a similar formula holds if
q ′′ ∈ F andq ′ does not belong toF ). Finally, if both verticesq ′ andq ′′ are outsideF, then

d(P,Q) = min
{
d
(
p′,above(p′)

) + 1, d
(
p′′,below(p′′)

) + 1
}
. (6)

This completes the analysis of case (ii), so further we may assume that neither of th
P andQ is entirely contained in a face ofZ(A,B).

The case (iii) arises if and only if only one of the pair of verticesp′, q ′′ andp′′, q ′
belongs to a common face ofZ(A,B) and this again can be detected by thecom-
mon_face_test. In the first case,

d(P,Q) = min
{
d
(
p′,above(p′)

) + 1, d
(
q ′′,below(q ′′)

) + 1
}
. (7)

In the second case,

d(P,Q) = min
{
d
(
q ′,above(q ′)

) + 1, d
(
p′′,below(p′′)

) + 1
}
. (8)

Finally, if no condition of cases (i)–(iii) is satisfied, then several faces ofZ(A,B) intersect
both pathsP andQ. Then obviously there is an edge ofE(A,B) with one end inP and
another end inQ, yieldingd(P,Q) = 1.

Summarizing, we conclude that from the labelsBp′ ,Bp′′ ,Bq ′ , andBq ′′ of the end ver-
tices of the pathsP ⊆ ∂A andQ ⊆ ∂B we can compute the distanced(P,Q) in O(1)

time. We call this subroutinedistance_paths.
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e

let
s

function distance_ paths(Bp′,Bp′′ ,Bq ′ ,Bq ′′ )
if Bp′(1) = 0 then /* rename inputs */ setC := Bp′ , Bp′ := Bq ′ , Bq ′ := C

andC := Bp′′ , Bp′′ := Bq ′′ , Bq ′′ := C

if Bp′′ (4) � Bq ′(3) + Bq ′(5) then returndistance_vertices(Bp′′,Bq ′ )
if Bq ′′ (4) + Bq ′′ (6) � Bp′(3) then returndistance_vertices(Bp′,Bq ′′ )
if common_face_test(Bp′,Bp′′ , 0) then

if common_face_test(Bq ′,Bq ′′ , 0) then
return min{distance_vertices(Bp′,Bq ′ ), distance_vertices(Bp′′,Bq ′′ )}

if common_face_test(Bp′,Bq ′ , 1) andnot(common_face_test(Bp′,Bq ′′ , 1)) then
return min{distance_vertices(Bp′,Bq ′ ), Bp′′ (4) − Bp′′ (2) + 1}

if not(common_face_test(Bp′,Bq ′ , 1)) andcommon_face_test(Bp′,Bq ′′ , 1) then
return min{distance_vertices(Bp′′,Bq ′′ ), Bp′(2) − Bp′(3) + 1}

else return min{Bp′(2) − Bp′(3) + 1,Bp′′(4) − Bp′′(2) + 1}
if common_face_test(Bq ′,Bq ′′ , 0) then

if common_face_test(Bp′,Bq ′ , 1) then
return min{distance_vertices(Bp′,Bq ′ ), Bq ′′ (4) − Bq ′′ (2) + 1}

if common_face_test(Bp′′,Bq ′ , 1) then
return min{distance_vertices(Bp′′,Bq ′′ ), Bq ′(2) − Bq ′(3) + 1}

else return min{Bq ′(2) − Bq ′(3) + 1,Bq ′′(4) − Bq ′′(2) + 1}
if common_face_test(Bp′,Bq ′′ , 1) then

return min{Bp′(2) − Bp′(3) + 1,Bq ′′(4) − Bq ′′ (2) + 1}
if common_face_test(Bp′′,Bq ′ , 1) then

return min{Bp′′(4) − Bp′′(2) + 1,Bq ′(2) − Bq ′(3) + 1}
else return 1.

Summarizing all discussions of this subsection, we can retrieved(x, y) in O(1) time
from the label

Dx := ( 1 2 3 4 5

d(x,p′), d
(
x,Z(A,B)

)
, d(x,p′′), Bp′ , Bp′′

)
of x ∈ A and the label

Dy := ( 1 2 3 4 5

d(y, q ′), d
(
y,Z(A,B)

)
, d(y, q ′′), Bq ′ , Bq ′′

)
of y ∈ B using functiondistance_graphs(Dx,Dy )) given below:

function distance_graphs(Dx,Dy )

returnDx(2)+ distance_paths(Dx(4),Dx(5),Dy(4),Dy(5)) + Dy(2)

5.2. Distance decoder

Here we explain how, using the decomposition treeT (G), one can find the distanc
between any two vertices ofG. First, we will describe the labels of vertices ofG.

Let v be a median vertex ofG (which we assume to be an inner vertex), and
u0, . . . , uk−1 be its neighbors in counterclockwise order aroundv. Recall that the cone
Cv(ui), i ∈ {0, . . . , k − 1} of G were defined as follows:Cv(ui) = B ′ ∩ A′ . Each
i i+1(mod k)
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re

ilding

be
vertexy ∈ V \ Cv(ui) is separated from a vertexx ∈ Cv(ui) by zoneZ(A′
i ,B

′
i ) or by zone

Z(A′
i+1,B

′
i+1). From previous results we know that, if two verticesx andy lie in two

1-neighboring or 2-neighboring cones, thend(x, y) is realized via their projections on th
zone separating these cones, and ifx andy belong top-neighboring cones withp > 2, then
d(x, y) is realized viav. For any vertexx ∈ Cv(ui) and indexj = i, i + 1, i + 2 (modk),
let D

j
x be the distance label ofx with respect to the cut{A′

j ,B
′
j } (Dx was defined in the

previous subsection with respect to an arbitrary cut{A,B}). Let alsoGi be a subgraph o
G induced byCv(ui) (i ∈ {0, . . . , k − 1}).

Assume that a decomposition treeT (G) of G and its NCA-depth labeling scheme a
given. For a vertexx of G, let S(x) be the deepest node ofT (G) containingx andAx be
the label ofS(x) in the NCA-depth labeling scheme. Let alsoS0, S1, . . . , Sh be the nodes
of the path ofT (G) from the root(G,v) (which isS0) to the nodeS(x) = Sh.

In the distance labeling scheme for(4,4)- and(3,6)-graphs, the labelL(x) will be the
concatenation ofAx, andh + 1 tuplesτx

0 , τ x
1 , . . . , τ x

h whereτx
q (q ∈ {0, . . . , h}) is defined

as follows. LetSq be a node(Gq, vq) of T (G). Assume thatx belongs to a coneCvq (ui)

of Gq for somei ∈ {0, . . . , δGq (vq) − 1}. Then,

τx
q := ( 1 2 3 4 5 6

i, δGq (vq), dGq (x, vq), Di
x, Di+1

x , Di+2
x

)
,

where zones and projections are considered in graphGq . If x = vq , we setτ
vq
q :=

(δGq (vq), δGq (vq),0,0,0,0).

Since the depth ofT (G) is O(logn), L(x) is of lengthO(log2 n) bits for anyx ∈ V .
Note that computation of those tuples can be incorporated into the algorithm of bu
T (G), leading to anO(n2 logn) time computation of all labelsL(x), x ∈ V (for a graph
Gq , the paths Pr(x,Z(A′

j ,B
′
j )) (j = i, i + 1, i + 2) and corresponding distances can

computed by running Bread-First-Searches fromvq andZ(A′
j ,B

′
j ) (j = i, i + 1, i + 2)).

Algorithm DISTANCE_DECODER: Distance decoder for(4,4) and(3,6)-graphs.

Input: two labelsL(x) = Ax ◦ τx
0 ◦ τx

1 ◦ · · · ◦ τx
h andL(y) = Ay ◦ τ

y

0 ◦ τ
y

1 ◦ · · · ◦ τ
y
q .

Output: d(x, y), the distance betweenx andy in G.
Method:

useAx andAy to find the depthl in T (G) of
the nearest common ancestor ofS(x) andS(y);

extract fromL(x) andL(y) the tuplesτx
l andτ

y
l ;

if τx
l (1) = τx

l (2) then outputτy

l (3) and stop; /* x = vq */
if τ

y

l (1) = τ
y

l (2) then outputτx
l (3) and stop; /* y = vq */

/* if the cones are 1-neighboring */
if (τx

l (1) = τ
y
l (1) − 1 or τy

l (1) = 0 andτx
l (1) = τx

l (2) − 1) then output
distance_graphs(τx

l (5), τ
y
l (4)) and stop;

if (τy
l (1) = τx

l (1) − 1 or τx
l (1) = 0 andτ

y
l (1) = τx

l (2) − 1) then output
distance_graphs(τy

l (5), τ x
l (4)) and stop;

/* if the cones are 2-neighboring */
if (τx(1) = τ

y
(1) − 2 or τy

(1) = 0 andτx(1) = τx(2) − 2 or
l l l l l
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se

s

ond

n

τ
y
l (1) = 1 andτx

l (1) = τx
l (2) − 1) then output

distance_graphs(τx
l (6), τ

y
l (4)) and stop;

if (τy

l (1) = τx
l (1) − 2 or τx

l (1) = 0 andτ
y

l (1) = τx
l (2) − 2 or

τx
l (1) = 1 andτ

y

l (1) = τx
l (2) − 1) then output

distance_graphs(τy
l (6), τ x

l (4)) and stop;
else outputτx

l (3) + τ
y
l (3).

5.3. Routing fromx ∈ A to y ∈ B

From Lemma 4.12 we know that any vertexx ∈ A contains one or two neighborsvx

andux such thatI (x, y) ∩ {vx,ux} �= ∅ for any vertexy ∈ B. Thus the message fromx
should be forwarded to that of these neighbors which is closer toy. If x ∈ A \ ∂A, then
ux, vx ∈ A and this decision can be taken inO(1) time by decoding the distancesd(y, vx)

andd(y,ux). Definehelp(vx) to be equal to 1 ifx andvx are separated by the cut{A,B}
and 0 otherwise (help(ux),help(vy),help(uy) are defined analogously). Then, in this ca
we can make a routing decision inO(1) time from the label

Rx := ( 1 2 3 4 5 6 7

Dx, Dvx , Dux , port(x, vx), port(x,ux), help(vx), help(ux)
)

of x and the labelDy of y ∈ B (vice versa, to route fromy ∈ B \ ∂B to x ∈ A we need the
label

Ry := ( 1 2 3 4 5 6 7

Dy, Dvy , Duy , port(y, vy), port(y,uy), help(vy), help(uy)
)

of y and the labelDx of x).
We assert that the same labelsRx andRy suffice for the routing decision in casex ∈ ∂A.

By second assertion of Lemma 4.12, the neighborsux andvx of x either both are vertice
of ∂A, or one of them belong to∂A and another to∂B, or both are vertices of∂B. In the
first case, both distancesd(ux, y) andd(vx, y) can be decoded as before. In the sec
case only the distance fromy to the vertex of∂A can be decoded usingRx andRy , say
d(ux, y). If d(x, y) = d(ux, y) + 1, then the message is forwarded toux, otherwise it
is sent tovx. Finally, if ux, vx ∈ ∂B, thenG is a (3,6)-graph and the routing decisio
can be taken by employing the itemsd(b, q ′), d(b, q ′′) of Dy (hereq ′ andq ′′ are the end
vertices of Pr(y,Z(A,B)). Namely, ifux is abovevx, then the message is forwarded toux

if d(b, q ′′) � d(b,ux) and tovx otherwise.

function routing_decision(Rx,Ry )

if Rx(6) �= 1 then
if distance_graphs(Rx(1),Ry(1)) = distance_graphs(Rx(2),Ry(1)) + 1

then outputRx(4)

else outputRx(5)

else ifRx(7) �= 1 then
if distance_graphs(Rx(1),Ry(1)) = distance_graphs(Rx(3),Ry(1)) + 1

then outputRx(5)

else outputRx(4)
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t

f

e
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else extractBq ′′ from Ry(1)

extractBux from Rx(3)

if Bq ′′ (2) � Bux (2) then outputRx(5) else outputRx(4)

5.4. Routing decision

Here we explain how, using the decomposition treeT (G), one can rout between an
two vertices ofG. The method is very similar to the one we used for distance decodin

Let againv be a median vertex ofG andu0, . . . , uk−1 be its neighbors in countercloc
wise order aroundv. For any vertexx ∈ Cv(ui) and indexj = i, i + 1, i + 2 (mod k),
denote byRj

x the routing label ofx with respect to the cut{A′
j ,B

′
j } (Rx was defined in

the previous subsection with respect to an arbitrary cut{A,B}). Let S(x) be the deepes
node of the decomposition treeT (G) of G containingx andAx be the label ofS(x) in the
NCA-depth labeling scheme ofT (G). Let alsoS0, S1, . . . , Sh be the nodes of the path o
T (G) from the root(G,v) (which isS0) to the nodeS(x) = Sh. Denote as before byGi a
subgraph ofG induced byCv(ui) (i ∈ {0, . . . , k − 1}).

In the routing labeling scheme for(4,4)- and(3,6)-graphs, the labelL(x) will be the
concatenation ofAx, andh+1 tuplesµx

0,µx
1, . . . ,µx

h whereµx
q (q ∈ {0, . . . , h}) is defined

as follows. LetSq be a node(Gq, vq) of T (G). Assume thatx belongs to a coneCvq (ui)

of Gq for somei ∈ {0, . . . , δGq (vq) − 1}. Then,

µx
q := ( 1 2 3 4 5 6 7

i, δGq (vq), portGq
(x, vq), Ri

x, Ri+1
x , Ri+2

x , portGq
(vq, x)

)
.

If x = vq , we setµ
vq
q := (δGq (vq), δGq (vq),0,0,0,0,0).

Clearly, againL(x) is of lengthO(log2 n) bits for anyx ∈ V and computation of thos
tuples can be incorporated into the algorithm for buildingT (G), leading to anO(n2 logn)

time computation of all labelsL(x), x ∈ V (for a vertexx of a graphGq , the specia

neighborsvj
x andu

j
x can be computed by running Bread-First-Searches fromZ(A′

j ,B
′
j )

(j = i, i + 1, i + 2)).

Algorithm ROUTING_DECISION: Routing decision for(4,4) and(3,6)-graphs.

Input: two labelsL(x) = Ax ◦ µx
0 ◦ µx

1 ◦ · · · ◦ µx
h andL(y) = Ay ◦ µ

y

0 ◦ µ
y

1 ◦ · · · ◦ µ
y
q .

Output: portG(x, y), the output port number of the first edge on a shortest path fromx to
y in G.

Method:
useAx andAy to find the depthl in T (G) of

the nearest common ancestor ofS(x) andS(y);
extract fromL(x) andL(y) the tuplesµx

l andµ
y
l ;

if µx
l (1) = µx

l (2) then outputµy
l (7) and stop; /* x = vq */

if µ
y
l (1) = µ

y
l (2) then outputµx

l (3) and stop; /* y = vq */
/* if the cones are 1-neighboring */
if (µx

l (1) = µ
y

l (1) − 1 orµy

l (1) = 0 andµx
l (1) = µx

l (2) − 1) then output
routing_decision(µx(5),µ

y
(4)) and stop;
l l
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om-

. 25

20

ed
e,

3–

d

eoret.

)

44,

s,

SIAM
if (µy
l (1) = µx

l (1) − 1 orµx
l (1) = 0 andµ

y
l (1) = µx

l (2) − 1) then output
routing_decision(µx

l (4),µ
y
l (5)) and stop;

/* if the cones are 2-neighboring */
if (µx

l (1) = µ
y
l (1) − 2 orµy

l (1) = 0 andµx
l (1) = µx

l (2) − 2 or
µ

y
l (1) = 1 andµx

l (1) = µx
l (2) − 1) then output

routing_decision(µx
l (6),µ

y
l (4)) and stop;

if (µy
l (1) = µx

l (1) − 2 orµx
l (1) = 0 andµ

y
l (1) = µx

l (2) − 2 or
µx

l (1) = 1 andµ
y
l (1) = µx

l (2) − 1) then output
routing_decision(µx

l (4),µ
y
l (6)) and stop;

else outputµx
l (3).
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