
Here it is assumed that the graphs G and H are assigned on the same set of vertices. 
It hence follows that all the elements of M(GI) and M(HI) are positive, i.e., Hz is a sub- 
graph of the graph GI, and hence Gz contains a k-factor that can be obtained by removing 
from Gz all the edges of the subgraph Hz. 
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CONDITIONS FOR INVARIANCE OF SET DIAMETERS UNDER d-CONVEXIFICATION 

IN A GRAPH 

V. P. Soltan and Vo D. Chepoi UDC 519.174 

Let G(X, U) be an ordinary graph with an ~rbitrary (not necessarily finite) number of 
vertices, any two of which may be connected by a finite chain. 

Endow G with the standard metric d(x, y), which is equal to the number of edges in the 
shortest chain connecting the vertices x, y E X. 

Recall (see, e.g., [I-3]) that the set A in a metric space (Y, d) is called d-convex if 
for any pair of points x, y EA the metric segment (x, y) = {zE Y:d~, z) +d(z, y) = d~, y)} 
is contained in A. The d-convex hull of the set B~Y (notation, d-convB) is defined as 
the intersection of all the d-convex sets from Y which contain B. 

As we know, ordinary convexification in a linear normed space E preserves set diameters, 
i.e., diamconvA = diamA for any set A t-'E. In the same space equipped with the standard 
metric d(x, y) = llx -- yll, convexification preserves set diameters if and only ifany ball of 
the form {x EE:lix--all~ is d-convex [4]. It is easily seen that in an arbitrary metric 
space the condition~of d-convexity of all the balls is stronger than the condition of in- 
variance of set diameters under d-convexification. 

This leads to the following questions. What are the properties of the graph G so that, 
first, set diameters are invariant under d-convexification, i.e., diam(d-convA) = diamA for 
any set A ~X ; second, all the balls of the forms {zEX: d~, a)~r} are d-convex; and third, 
all the ball neighborhoods of d-convex sets of the form {zE X; d ~, A)~ are d-convex? 

The following theorems attempt to answer these questions. 

Let M be a connected subset in G. For any vertex x E A4 let QM(x)={yEM:diamM= d~, 
y) =dM~, y)}, where dM(x , y) is the length of the shortest chain in M connecting x and y. 
The pair {x, y}, where y E QM(x) [or, equivalently, x E~M~) ] will be called diametrical in 
M. A vertex xEM will be called simplicial in M if all the vertices zEA4 adjacent to 
x constitute a complete subgraph in G. By Cn we denote a graph which is a n-vertex simple 
cycle. 

THEOREM I. In a graph G, set diameters are invariant under d-convexification if and 
only if the following conditions hold: 
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I) G has no cycles isometric with C~ and Cn, n ~ 8; 

2) G has no subgraphs isometric with 

3) if in a simple cycle F cG other than C4 for some vertices x, y6F we have QF(Y) = 
{x}, then x is simplicial in F. 

To prove Theorem 1, we will need the following lemma. 

LEMMA I. Let the graph G satisfy the following conditions: I) any cycle F~G (of 
length no r exceeding m) isometric with Cn is of length kz, or k2,..., or kp; 2) in a simple 
cycle F:G (of length not exceeding m) other than Ckl,...,Ckp , the relationship QF(Y) = 

{x} implies that x is a simplicial vertex in F. Then in any simple cycle FoG (of length 
not exceeding m) other than Ckl .... ,Ckp, one of the vertices of the diametrical pair {x, y} 
is simplicial in F. 

Proof. It is easily seen that if the cycle r co is of even length and the pair {x, 
y} is diametrical in F, then Qr(x) = {y} and QF(Y) = {x}, In this case, for F ~ Ckl,...,Ck p 
(where the length of r is at most m) both vertices x, y are simplicial in F. 

Suppose that in some cycle F cG of odd length (not exceeding m) other than C~ z ..... Ckp, 

there is a diametrical pai r {x, y} such that neither component is simplicial in F. Then 
[Qr(~I=IQr(Y)]=2" Let Qr(x)={y,~}, Qr(~= {x, xx} �9 If Qr(x0 ={y}, then the vertex y would 

be simplicial in F. Therefore necessarily Qr(Xz)={y, y~} . Similarly, Qr~*)= {x, x~} . Since 

the pair {x, y} is diametrical, x is adjacent in F only to xz, xz, and y is adjacent only to 
Yl, Y2 [otherwise, d(x, y) < dr(x, y)]. Therefore, none of the vertices xz, x2, yl, y2 is 
simplicial in r. Thus, from the diametrical pair {x, y} we can pass to the diametrical pair 
{xz, Y2} (or {x2, Yl}). Repeating the transition as many times as is necessary, we obtain 
that IQr(z) l = 2 for any vertex z6F . This is possible only when d(u, v) = dr(u, v) for any 
pair of vertices u, V6F . Therefore, F is isometric with Cn (where n is the length of r). 
Since n ~ kz,...,kp, we obtain a contradiction. 

COROLLARY I. Assume that under the conditions of Lemma I the simple cycle FoG (of 
length not exceeding m) is distinct from Cq, q ~ k i, k i + I (i = l,...,p). If the vertex 
x 6F is included in two distinct diametrical pairs {x, y}, {x, z}, then x is simplicial in 
F. 

Indeed, if x were not simplicial in F, then using the fact that y is simplicial in F, 
we could obtain a simple cycle r' of length shorter by I than the length of F, in which the 
pair {x, y} would be diametrical. The length of r' is even and is not equal to any of the 
numbers kz,...,kp. Therefore both vertices x, z are simplicial in r' Therefore x is sim- 
plicial in F. 

Proof of Theorem I. Assume that set diameters are invariant under d-convexification in 
G. We will show that the three conditions of the theorem are true. 

I ~ Let F = {a I ..... am, az) be a cycle in G isometric with Cn and k = [m/2]. Let A = 
{ch: ak, amii} for even m and A:-{51, a h, am-2} for odd m. Since amE (51, a=-1) for 
m /> 4 a n d  am6(ax, am_2) f o r  m >/ 7 ,  t h e n  am6d-convA . B u t  d i a m A = = k - - l < k = d ( a z ,  ara ) 
f o r  e v e n  m /> 6 a n d  o d d  m /> 9 .  T h e r e f o r e ,  i f  m i s  e v e n ,  t h e n  m = 4 ,  a n d  i f  m i s  
odd, then it takes one of the values 3, 5, 7. 

2 ~ If G contains one of the subgraphs isometric with B~, B7, then d(z, c) > diamA for 
the set A = {a, b, c} and z6d--convA. 

3 ~ Suppose that in a simple cycle F ~ G, other than C~, for the two vertices x, y 
we have Qr~)={x} and x~, x~6F are adjacent to x. If d(x, y) = r, then d(xl, 
y) = d(x2, y) = r -- I. If the vertices xl, x2 were not adjacent in G, then x 6 
<xz, x2>. In this case, for the set A = {xz, x2, y} we would have x6d--convA, 
d(x, y) = r > r -- I = diamA. Therefore, x is simplicial in F. 
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Conversely, let the graph G satisfy the three conditions of the theorem. We will show 
that set diameters are invariant under d-convexification. Assume the contrary: let diam (d - 
convA) > diamA for some set A=X . From the construction of d-convex hulls it follows 
(see, e.g., [5, 6]) that diamP(B) > diamB for some set B=X [here P(B) =U{<x, y):x, yE 
B}]. In other words, there are vertices x~, Y~6B and zt6 ~t, ~ ), i= 1,2, for which d(zl, 
z2) > diamB. We will show that B may be chosen as a three-point set. Indeed, if d(zl, 
z2) > diamB [or d(zl, xz) > diamB], then we take B = {xl, Yl, x2} (or B = {xi, Yl, Y2}). If 
max{d(zl, x2), d(zl, y2)} ~ diamB, then we take B = {zl, x~, Y2}. 

Thus let the set B = {a, b, c} and the vertex z6 (a, b) be such that d(z, c) > diamB. 
Among all these 4-tuples {a, b, c, z} choose those with minimal d(a, b), and among all these 
choose the 4-tuple with the least possible sum d(a, c) + d(b, c). Take one of the shortest 
chains I between a, b which includes z. Note that d(v, c) -- I = d(a, c) = d(b, c) for any 
vertex v ElX~{a,~ (otherwise a, b could be replaced by two vertices from I which are sepa- 
rated by a shorter distance). Therefore, without loss of generality, z may be assumed ad- 
jacent to a. 

Let a, z, v be the first three vertices of the chain I as we move along l from a to b 
(possibly, v = b). Denote by x the vertex from <a, r N <v, c) which is the farthest re- 
moved from c (possibly, x = c). Clearly, d(a, x) + I = d(z, x). Let Ii, 12 be shortest 
chains with ends a, x and v, x, respectively. Then the cycle F formed by the chains Ii, 12, 
(a, z, v) is simple and its length is not less than 4. 

If the length of the cycle F were equal to 4, then d(a, x) = d(v, x) = I. Therefore 
v = b and x = c (by the choice of a, b, c, z). Moreover, the subgraph generated by the ver- 
tices a, z, v, x, x' ~' 6 <x, e) is adjacent to x) is isometric with B~. Since this is impos- 
sible, F is longer than 4. Therefore, v ~ b and d(x, v) = d(x, a). Hence it follows that F 
is of odd length. 

We will show that the length of the cycle F does not exceed 7. Indeed, otherwise by 
Lemma I the vertex x is simplicial in F (since z is not simplicial). Therefore the two ver- 
tices ~61,,x261z adjacent to x are adjacent to one another. In the cycle F' =.~ ..... ~,xz ..... 
v, z, a) the pair {z, xz} is diametrical and therefore the vertices x2 and x861~ adjacent 
to xl are adjacent to one another. In this case, x16 (a, e) n(v, e), which contradicts the 
choice of the vertex x. ~he contradiction proves that F is no longer than 7. 

Let w61~ be adjacent to v. We will show that d(a, w) = 3. Indeed, if d(a, w) = I, 
then (a, b, c, z} could be replaced with the set,{w, b, c, v} for which d(a, b) would be less 
than d(w, b). Let d(a, w) = 2. Since v~ <w, b), w ~ (v,b) , then d(v, b) = d(w, b) and so 
d(a, w) + d(w, b) = d(a, b). Denote by l' the shortest chain with ends a, b passing through 
w. If the chains l, l' had common vertices other than a, b, the pair {a, b} in the set {a, 
b, c, z} could be replaced with one of the close pairs {a, w}, {w, b}. Therefore the chains 
l, l' of equal length d(a, b) form a simple cycle A of even length with diametrical pair 
{a, b}. Therefore, the vertices a, b are simplicial in A. Then the vertices z61~ ~61' . 
adjacent to a are adjacent to one another. Denote by v' the vertex from l\(v~O~ adjacent 
to v. In view of the above, the subgraph generated by the set {z, y, v, w, v'} is isometric 
with B~, which is impossible. The contradiction proves the equality d(a, w) = 3. Hence it 
follows that the length of the cycle F is greater than 5 and is therefore equal to 7 (since 
it is odd). Again using the properties of the set {a, b, c, z} and the vertex x, we con- 
clude that the cycle F is isometric with C? and x ~ c. Then G contains a subgraph isometric 
with BT, which is impossible. 

THEOREM 2. In a graph G, any ball is d-convex if and only if the following conditions 
hold: 

I) G is without cycles isometric with C~ and Cn, n ~ 6; 

2) if for some vertices x, y of a simple cycle F cO we have QF(Y) = {x}, then x is 
simplicial in F. 

To prove Theorem 2, we require the following obvious lemm~. 

LEMMA 2. In a metric space (Y, d) the following conditions are equivalent: 

I) every ball in Y is d-convex; 

2) d~ ,  v)~ 'max{d(z,  x), d(z, ~)) fo r  any po in t s  x, y, z~ Y and v6 (x, ~). 
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Proof of Theorem 2. If every ball in G is d-convex, then conditions I), 2) are verified 
as in Theorem I (using Lemma 2). Conversely, let the graph G satisfy conditions I), 2) of the 
theorem and suppose that some sphere in G is not d-convex. By Lemma 2 there are vertices 
a, b, cEX, zE ~, b) such that d~,~>max{d~,a),d~,b)} . As in Theorem I, assume that d(a, 
b), d(a, c) + d(b, c) are minimal, select the shortest l, assume that z is adjacent to a, and 
construct a simple cycle r generated by the chains (a, z, v), ll, 12, where ll, lz are the 
shortest chains connecting a and v with the vertex x E-~, c) n ~,c> which is the farthest 
from c. As in the proof of Theorem I, we show that the length of the cycle r is not less 
than 4 and not more than 5, while the pair {x, z} is diametrical in r. If the length of F 
were 4, then P would be isometric with C4. Therefore the length of r is 5 and v ~ b. Let 
r = (a, x, w, v, z, a). Since a, w are not adjacent (otherwise x could be replaced with w), 
then d(a, w) = 2. As in Theorem I we show that the shortest l = (a, z, v,...,b), l' = (a, 
x, w,...,b) intersect only at the vertices a, b. Therefore the cycle A formed by l, l' is 
simple, its length is 4, and QA(b) = {a}. Thus, the Vertices x, z should be adjacent, which 
is impossible. 

Remark I. In connection with Lemma 1, note that the last condition in Theorems I and 2 
cannot be relaxed: If a simple cycle F other than C~ (in Theorems 1) or Cs (in Theorem 2) 
contains a diametrical pair, then one of the vertices in this pair is simplicial in F. 

THEOREM 3. In a graph G, the following conditions are equivalent: 

I) G is without cycles isometric with Cn, n ~ 8; 

2) for every d-convex set A~X and every r > 0 the ball r-neighborhood ~r(A)={zE 
X:d (z, A) <~ r} is d-convex. 

The f o l l o w i n g  lemma i s  needed to  p rove  Theorem 3. 

LEMMA 3. Let G be without cycles isometric with Cn, n ~ 4. If for the vertices x, y 
of a simple cycle r~O we have QF(Y) = {x}, then x is simplicial in r. 

Proof. Assuming the contrary, find a shortest cycle r~O in which some vertex x 
satisfying the relationship {x} = Qr(y) is not simplicial. We will show that r is of even 
length. Indeed, otherwise, there would be a vertex zE P adjacent to x such that d(z, y) < 
dr(z, y). Taking shortest chains l, l' connecting the vertex y with x, z, respectively, we 
obtain a cycle A formed by l, l' and the edge (x, z) in which {x} = QA(Y). Since A is shorter 
than r, then by the choice of r and by Lemma I we obtain that x is simplicial in A, and there- 
fore it is also simplicial in F. The contradiction proves that the cycle F is even. Hence 
it follows that both chains lz, 12 of the cycle r connecting the vertices x, y are of equal 
length and are the shortest in G. 

We will show that for any pair of vertices P E 11, q E I= distinct from x, y we have the 
inequality d(p, q) ~ 2. Assume the contrary and consider the cycle ~ formed by the edge 
(p, q) and the sections of the arcs Ii, 12 extending between p, x and q, x, respectively. 
The length ~ is less than the length of r and one of the pairs {p, x}, {q, x} is diametrical in ~. 
If only one of these pairs is diametrical, then the length of ~ is even and therefore x is 
simplicial in ~ (Lemma I). If both pairs {p, x}, {q, X} are diametrical in ~, then by Corol- 
lary I x is simplicial in ~. Thus, in either case x is simplicial in ~ and therefore also in 
r. Since the~latter is impossible by assumption, we have d(p, q) ~ 2. The vertex y is not 
simplicial in F. 

P is longer than 3. Therefore, we can find two vertices u, v E r such that d(u, v) < 
dF(u, v). Since the chains ll, 12 are of shortest length, u, v cannot belong to only one of 
them. Thus, suppose that u E ~, v E I~. From the above we have d(u, v) ~ 2. We therefore as- 
sume that the pair {u, v} has the smallest possible sum ~r = d(u, x) + d(v, x). Moreover, 
among all the cycles F with the pair {u, v} having the least value of ~r, select the cycle 
with the minimal distance d(u, v). 

Denote by 1 one of the shortest chains connecting the vertices u, v and let C be the 
cycle formed by 1 and by the sections of the chains Iz, Iz between u, x and v, x, respec- 
tively. The cycle C is simple [otherwise the pair {u, v} could be replaced by a pair {u, v} 
closer to x satisfying the relationship d(u, v) < dr(u, v)]. Let u'Ell n [, v'El~l be the 
vertices closest to y. We will show that u, v are simplicial in C and u = u', v = v'. In- 
deed, let v ~ v'. Traversing the cycle C in the direction from v to x along lz, choose in C 
the vertex w which is the farthest from v (in the metric on C). Since d(u, v) < d(u, x) + 
d(v, x) and lz is a shortest chain, then w lies between u, x and is distinct from u. If the 
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pair (v, w} were not diametrical in C, then d(v, w) < de(v, w) ~< dF(v, w) and the pair {u, 
v} could be replaced with a pair {v, w} closer to x. Therefore, the pair {v, w} is diametri- 
cal in C. By Lemma I, the vertex v is simplicial in C (since w is not simplicial in C). But 
this is impossible for v m v', since otherwise the chain Z2 is not of shortest length. Thus, 
v = v'. Similarly, u is simplicial in C and u = u'. 

Let u0, o061, uiEl~, vzEls be vertices adjacent to u, v in C. Since u, v cannot both be 
adjacent to x, one of the vertices ul, vl, say ul, is distinct from x. Since the pair (u, 
v} cannot be replaced in F with {uz, v}, we have d(ul, v) -- dr(ul, v) andso d(v, ul) = d(v, 
x) + d(x, ul). Thus the cycle C' = (v,...,x, .... ,ul, u0,...,v0, v) is of even length and the 
pair {v, ul} is diametrical in C'. Therefore, the vertex ul is simplicial in C', i.e., its 
adjacent vertices u061, u~61x are adjacent to each other. In the cycle F' = (y,...,u, u0, 
u2,...,x,...,y) the pair {u , v} satisfies the relationships d(u0, v) < dr'(u0, v) and d(u0, 
v) < d(u, v). If the vertex x were not simplicial in F', this would contradict the choice 
of F and the pair {u, v}. Therefore x is simplicial in F'. Since x is not simplicial in 
F, the latter is possible only when uz = x = vl and u0, vz are adjacent. Therefore u0 = v0 
and d(u, v) = 2. Now Consider the cycle ~ = (y,...,u, u0, v,...,y). From the equalities 
d(y, u0) = d~(y, u0) = d(y, v0) = d~(y, v0) it follows that the pairs {y, u0}, {y, v0} are 
diametrical in ~. By Corollary I, y is simplicial in ~ and therefore also in F. But this 
is impossible by the above. The contradiction proves the lemma. 

Proof of Theorem 3. 2) =~ I). Since any ball Zr(X) is a r-neighborhood of the single- 
point d-convex set {x}, then by Theorem 2 G is without cycles isometric with C4 and Cn, n >__ 
6. If G had a cycle F = (a, b, c, e, f, a) isometric with Cs, then the l-neighborhood of 
the d-convex set {a, b} would contain the vertices c, f and not the vertex e 6 (c, r>, i.e., 
it would not be d-convex. 

I) =~ 2). Suppose that in G a ball neighborhood of some d-convex set is not d-convex. 
Using the relationship Zr+s(A) = Zr(Zq(A)), we conclude that for some d-convex set B~ X 
its l-neighborhood Y,(B)={z6X:d(z, B)~<I} is not d-convex. In other words, these are 
vertices a~ O6Z,(B) and c6 (a, b>hk~'l(B) �9 Among all these triples {a, b, c} select the one 
which has the least value of d(a, b). We will show that neither vertex ~, b belongs to B. 
Indeed if a, b6B , then c6 (a, b)cB by d-convexity of B. If, say, b6B and bl is ad- 
jacent to b in-<b, c>, then b, 6 ~.,(B) and c6 <a, b,) , which contradicts the choice of {a, b}. 

Denote by ~', b' two vertices, respectively, adjacent to a, b in B, which are separated 
by the shortest possible distance from one another. Clearly, d(a,b)--2 .~< d (a',b i) .~< d(a,b) ~- 
2. If d(a', b')----d(u, b)q-2, then c6 (a, b) ~ B, which is impossible. If d(a', b') = d(a, 
b) + |, then d(=', b) = d(~, b') = d(~, b) (otherwise, a6B or b6B) ~ . But then c'6 (a', 
b'cB. 

Let d(a', b') = d(a, b). Since a, b ~B , then d(a, b')>d(u', b ~) and d(a', b)>>~d(a ~, 
b'). If, say, d(a, b') = d(a', b')+ I, then c6 (a, b'> and in the cycle F = (a, a',...,b', 
b,...,c,...,al, a) the diametrical vertices a, b' are "simplicial (Lenmm 3). Then the vertices 
a' 6B, a~6 (a, b) are adjacent, which contradicts the choice of the pair {a, b}. Thus, d(a', 
b') ~< d(a, b) -- I. In this case, the pair {a, b} is diametrical in F, and one of the ver- 
tices a, b is simplicial in F. But this again contradicts the choice of the pair {~, b}. 
QED. 

In Theorems I, 2, 3 we allow the existence of cycles isometric with C~, C~, Cs, C7; C~, 
Cs; C5, respectively. Let us consider the form of these theorems when G includes only cycles 
isometric with Cn for one fixed n. 

COROLLARY 2. If G is without cycles isometric with Cn, n ~> 3, then the following condi- 
tions are equivalent: 

I) d-convexification in G preserves set diameters; 

2) any ball in G is d-convex; 

3) the ball neighborhood of any d-convex set in G is d-convex; 

4) G is a tree. 

THEOREM 4. If the graph G has cycles isometric only with C~, then the following condi- 
tions are equivalent: 
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|) d-convexification preserves set diameters; 

2) G is a complete bipartite graph such that each component has at least two vertices. 

Proof. 2) =~ I). If G is a complete bipartite graph, the diameter of G is equal to 
2. Therefore d-convexification in G preserves setdiameters. 

I) =~ 2). We will first show that any simple cycle in G is of even length. Indeed, 
let some simple cycle F cG be odd. Since r is not isometric with C~, then d(x, y) < dr(x , 
y) for some vertices x, yEr. The simple chain connecting x, y is partitionable r into two 
shorter cycles, one of which is odd. The resulting cycle is again partitionable into two 
shorter cycles, one of which is again odd. Continuing the argument, we obtain a cycle of 
length 3, which is impossible by assumption. Thus any simple cycle in G is even. There- 
fore, G is a bipartite graph [7]. Since G is not a tree (i.e., it contains cycles), each 
component of G has at least two vertices. 

Note that G is a block. Indeed, if G had a joining point x, then applying the above- 
described procedure we would obtain a cycle isometric to C~ which contained x. But then G 
would contain a subgraph isometric with B~. 

It remains to show that G is a complete bipartite graph. To this end it suffices to 
check the equality diamG = 2. Assuming the contrary, we obtain a simple chain~, u, v, ~cr, 
in which d(x, y) = 3. Since G is a block, the edge (x, u) belongs to some cycle. Applying 
the above-described procedure, we conclude that the cycle (x, u, z, w, x) is isometric with 
C~. Since the subgraph generated by the set {x, u, v, w, z} cannot be isometric with B4 and 
G contains no triangles, the vertex v either coincides with z or is adjacent to w. Consider- 
ing the cycle (x, u, v, w, x) and the adjacent vertex y, we conclude that x and y are adja- 
cent. But this contradicts the equality d(x, y) = 3. 

THEOREM 5. If the graph G contains cycles isometric only with C5, then the following 
conditions are equivalent: 

I) d-convexification preservessetd~ameters; 

2) any ball is d-convex; 

3) every block of the graph G has the diameter 2. 

Proof. 3) =~ 2). By Theorem 2, it suffices to show that no cycle r cG contains 
vertices x, y such that (x} = Qr(y). Indeed, r is contained in some block. Since the diam- 
eter of this block is 2, we have diamr ~ 2. If some pair {x, y} is diametrical in r, then 
the length of r is at most 5. Moreover, r is isometric with C5 (otherwise C would contain a 
cycle isometric with C3 or C~). But then IQr(y)i = 2, i.e., Qr(Y) ~ {x}. 

The implication 2) =~ l) is obvious. 

I) =~ 3). Assuming that the diameter of some block B cG is greater than 2, choose 
a chain I =~, u, v, ~cB such that d(x, y) = 3. We know that the edges (x, u), (v, y) 
belong to a simple cycle F cB [7]. Let the chain 1 be such that the corresponding cycle 
is the shortest possible. We have two cases: l~r, l~r. 

Case I. I cr . Since in this case r is longer than 5, it contains two vertices a, b 
such that d(a, b) < dr(a, b), and the shortest chain l' connecting a, b has no common ver- 
tices with r (other than a, b). It is easily seen that one of the vertices a, b belongs to 
l~{x, g} and the other does not belong to it (otherwise r could be replaced with a shorter 
cycle). Let a = u (the case a = v is similarly analyzed). 

The chain l' partitions r lntotwo shorter cycles r', r" containing the edge (X, uJ. and 
the chain (u, v, y), respectively. Let the vertex z E r be adjacent to u, and p E r'~=u) 
adjacent to z. If d(x, p) = 3, then x, y, r could be replaced with the triple x, p, r'. 
Therefore d(x, p)= 2. Denote by q a vertex lying between x and p. It is easily seen that 
q ~ u, z (otherwise G would contain triangles). Similarly d(z, y) = 2 and the vertex w lying 
between z, y is distinct from u, v. 

If d(y, q) = 4, the pair {y, q} would be diametrical in the simple cycle ~ = (x, u, v, 
y, w, z, p, q, x). By Lemma 3, the vertices x, y would be simplicial in fl, which is impos- 
sible since G has no triangles. Therefore d(y, q) ~ 3. Let l" be the shortest chain with 
the ends y, q and A the simple cycle formed by the chains l, l", (x, q). It is easily seen 
that either QA(x) = ~y} or y is included in two diametrical pairs (x, y), (q, y) of the cycle 
A. In either case y is simplicial in A which is impossible. 
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Case 2. l qt F. Let z, w6F be adjacent to v, u, respectively. Then d(x, z) = 2 and 
d(w, y) = 2 (otherwise a cycle smaller than F would contain a chain of length 3). It is 
easily seen that the vertices p6 ~, z>, q6 <w, Y) are new. Considering the cycle (x, u, w, 
q, y, v, z, p, x) as above, we obtain a contradiction with the nonexistence of triangles in 
the graph. 

Remark 2. It is easy to construct examples which show that under the conditions of 
Theorem 5 each block of the graph G may be either finite or infinite. The simplest example 
of a finite block of diameter 2 other than C5 is Peterson's graph [7]. 

THEOREM 6. If the graph G hascycles isometric only with C7, then the following con- 
ditions are equivalent: 

I) d-convexification in G preserves set diameters; 

2) G is a block of diameter 3. 

Proof. The implication 2) =~ I) follows from Theorem I. Let us show that I) =~ 2). 
Since G has no subgraphs isometric with BT, then as in Theorem 4 we prove that G is a block. 
It remains to check the relationship diamG = 3. Since G contains a cycle isometric with C7, 
diamG ~ 3. It therefore remains to show that any chain (al, a2, a3, a4, as) of length 4 is 
included in a cycle of length 7. Since G is a block with cycles isometric only with C7, for 
the edge (al, a2) there is a cycle (al, a2, x, y, u, v, w, al) isometric withCT. Suppose that 
a3 ~ x. Since the subgraph generated by the set {all a2, a3, x, y, u, v, w} is not iso- 
metric with B? and G has no cycles shorter than 7, then d(a3, v) = d(a3, u) = 3. Therefore 
G has a cycle of the form (al, a2, a3, p, q, v, w). Therefore, we maay take a3 = x. Similar 
reasoning shows that we can choose a cycle (al, a2, a3, y, u, v, w, al) in which y = a4, 
U = ~ 5 .  

Remark 3. The results of [8] indicate that under the conditions of Theorem 5 the finite 
graph G is C7. 
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