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Abstract The classical seriation problem consists in finding a permutation of the
rows and the columns of the distance (or, more generally, dissimilarity) matrix d on
a finite set X so that small values should be concentrated around the main diagonal
as close as possible, whereas large values should fall as far from it as possible. This
goal is best achieved by considering the Robinson property: a distance dR on X is
Robinsonian if its matrix can be symmetrically permuted so that its elements do not
decrease when moving away from the main diagonal along any row or column. If the
distance d fails to satisfy the Robinson property, then we are lead to the problem of
finding a reordering of d which is as close as possible to a Robinsonian distance.

In this paper, we present a factor 16 approximation algorithm for the following
NP-hard fitting problem: given a finite set X and a dissimilarity d on X, we wish
to find a Robinsonian dissimilarity dR on X minimizing the l∞-error ‖d − dR‖∞ =
maxx,y∈X{|d(x, y) − dR(x, y)|} between d and dR.
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1 Introduction

1.1 Seriation Problem

A major issue in classification and data analysis is to visualize simple geometrical
and relational structures between objects. Necessary for such an analysis is a similar-
ity or a dissimilarity measure on a set of objects, which is either measured directly
or computed from a data matrix. Many applied algorithmic problems ranging from
archeological dating through DNA sequencing and numerical ecology to sparse ma-
trix reordering and overlapping clustering involve ordering a set of objects so that
closely coupled elements are placed near each other. The rearranged data may then
speak for themselves. For example, the classical seriation problem [39, 44, 47] is to
find a simultaneous ordering (or permutation) of the rows and the columns of the sim-
ilarity matrix with the objective of revealing an underlying one-dimensional structure.
The basic idea is that large values should be concentrated around the main diagonal
as closely as possible, whereas small values should fall as far from it as possible. This
goal is best achieved by considering the so-called Robinson property [50]. A similar-
ity matrix is said to have this property if its values decrease monotonically in the
rows and the columns when moving away from the main diagonal in both directions.
In case of (0,1)-matrices, the Robinson property is best known as the Consecutive
One Property. Seriation is of importance in archeological dating [39, 44, 50], cluster-
ing hypertext orderings [11], numerical ecology [48, 58], sparse matrix ordering [5],
musicology [37], matrix visualization methods [18, 19], and DNA sequencing [10,
17, 49]. For example, if biological experiments were error-free, the genomic recon-
struction problem would be precisely testing the Consecutive One Property. In ecol-
ogy, seriation techniques are used under the name ordination [36]. Matrix visual-
ization methods are employed to analyze multivariate data by means of permutation
matrices [12], to visualize large scale genome expression data using heat maps [30],
and to visualize clusterings using matrix shading [46, 53, 54]. A package seriation
containing an implementation of various seriation methods is described in a recent
paper by Hahsler, Hornik, and Buchta [36].

The most common methods for clustering provide a visual display of data in the
form of hierarchical structures (or dendrograms). Dissimilarity matrices which are
in perfect agreement with dendrograms satisfy the following Robinson property: the
distances from a given object increase when moving from this object to the left or
to the right in the underlying dendrogram. These dissimilarities are best known un-
der the name of ultrametrics. Generalizing the correspondence between ultrametrics
and dendrograms, it has been shown by Diday [27] and Durand and Fichet [29] that
there exists a one-to-one correspondence between the Robinson dissimilarities and
the hierarchical structures called pyramids. Analogously to dendrograms, the objects
belonging to a single cluster in a pyramid appear in consecutive order in the Robin-
sonian matrix, however in pyramids two clusters may overlap. Clustering methods
using pyramids have been considered in [13, 28, 54] (for recent developments and
applications of pyramids and overlapping clustering see some articles of the vol-
ume [15]).

Real experimental or archeological data always contain errors, therefore the
(dis)similarity between the objects can be measured only approximatively. As a
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consequence, any simultaneous permutation of the rows and the columns of the
(dis)similarity matrix gives a matrix which fails to satisfy the Robinson property,
and we are lead to the problem of finding a matrix reordering which is as close as
possible to a Robinson matrix. As an error measure one can use the usual lp-distance
between two matrices of equal size. Various heuristics for approximate seriation us-
ing Robinson matrices have been considered in [16, 39, 40] and papers cited therein
(the package seriation [36] contains an implementation of several such methods).
In particular, Hubert [39] noticed: “Whether or not certain seriation techniques pro-
duce ‘better’ approximation to a Robinson matrix is essentially an open question and
requires . . . some more or less arbitrary measures of fit when the matrix is not initially
Robinson.” In this paper, we provide a constant factor polynomial time algorithm for
the NP-hard problem of optimal fitting a (dis)similarity matrix by a Robinson matrix
under the l∞-error.

1.2 Basic Definitions, Notations, and Problems

Let X be a set of n elements to sequence, endowed with a dissimilarity function that
reflects the desire for two elements to be near or far from each other in the sequence.
Recall that a dissimilarity is a symmetric function d from X2 to the nonnegative real
numbers and vanishing on the diagonal, i.e. d(x, y) = d(y, x) ≥ 0 and d(x, y) = 0
if and only if x = y. We call d(x, y) the distance between the objects x, y ∈ X.

If d satisfies, in addition, the triangle inequality d(x, y) ≤ d(x, z) + d(z, y) for all
x, y, z ∈ X, then d is called a metric. Denote by d0 the standard distance of the com-
plete graph on X, i.e., d0(x, y) = 1 if x �= y and d0(x, y) = 0, otherwise. Denote by
D the set of all dissimilarities on X. Notice that D is a convex cone, because the con-
vex combination d := cd ′ + (1 − c)d ′′ of two dissimilarities d ′, d ′′ ∈ D also belongs
to D; for x, y ∈ X, d(x, y) = cd ′(x, y) + (1 − c)d ′′(x, y). Additionally, if d ∈ D and
c > 0 is a constant such that d − cd0 is non-negative, then d − cd0 ∈ D.

A dissimilarity d and a total order ≺ on a set X are said to be compatible if
x ≺ z ≺ y implies that d(x, y) ≥ max{d(x, z), d(z, y)}. A dissimilarity d on X is
said to be Robinsonian if it admits a compatible order. Equivalently, d is Robin-
sonian if its matrix can be symmetrically permuted so that its elements do not de-
crease when moving away from the main diagonal along any row or column. Such a
matrix is called Robinson [24, 27, 34, 39] or linear in the terminology of Mirkin and
Rodin [49]. Notice that if d is Robinsonian, then every monotone transform ϕ of d

is also Robinsonian (i.e., d(x, y) ≤ d(x′, y′) implies that ϕ(d(x, y)) ≤ ϕ(d(x′, y′))).
In particular, for any Robinsonian dissimilarity d and any constant c, if d + cd0 is a
dissimilarity, then d + cd0 ∈ R.

Basic examples of Robinson dissimilarities are the ultrametrics and the stan-
dard line-distance between n points on the line. Recall, that d is an ultramet-
ric if d(x, y) ≤ max{d(x, z), d(y, z)} for all x, y, z ∈ X. Every line-distance or
ultrametric is a tree-distance (i.e., a distance satisfying the four-point condition
d(x, y) + d(z,w) ≤ max{d(x, z) + d(y,w), d(x,w) + d(y, z)}), nevertheless not
every Robinson distance is a tree-distance and not every tree-distance is Robinsonian.

Let X be a set on n elements. Denote by R, R≺, and U the cone of all Robinson
dissimilarities on X, the convex cone of all Robinson dissimilarities compatible with
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a total order ≺ on X, and the convex cone of all ultrametrics on X, respectively. For
two dissimilarities d, d ′ ∈ D, and p ≥ 1, define the lp-error or lp-norm between d

and d ′ by

‖d − d ′‖p =
( ∑

x,y∈X

|d(x, y) − d ′(x, y)|p
) 1

p

,

‖d − d ′‖∞ = max
x,y∈X

{|d(x, y) − d ′(x, y)|}.

Endow the set of all dissimilarities D with a partial order ≤, where d ≤ d ′ if and
only if d(x, y) ≤ d ′(x, y) for all x, y ∈ X. For a dissimilarity d and a subset D′ of
D, a dissimilarity d̂ ∈ D′ is called a sub-dominant of d in D′ if d̂ is the (necessarily
unique) maximum of the set {d ′ ∈ D′ : d ′ ≤ d}. Analogously, a dissimilarity ď ∈ D′
is called a super-dominant of d in D′ if ď is the (necessarily unique) minimum of the
set {d ′ ∈ D′ : d ≤ d ′}. The dissimilarities d̂ and/or ď do not always exist, nevertheless
they exist in some important cases, in particular if D′ is the set of all ultrametrics
[52]. In this case, the ultrametric sub-dominant d̂u can be defined in the following
way: construct the minimum spanning tree T in the complete graph on X in which
the length of the edge xy is d(x, y), then d̂u(x, y) is the length of the longest edge on
the unique path of T connecting the vertices x and y.

In this paper, we study the following optimization problem, which can be viewed
as the seriation problem in the presence of errors:

Problem l∞-FITTING-BY-ROBINSON: Given a dissimilarity d ∈ D find a Robinson
dissimilarity dR ∈ R minimizing the l∞-error ‖d − dR‖∞.

In other words, we are searching for a minimal value of ε such that for each pair x, y

of different elements of X one can pick a value dR(x, y) ∈ [d(x, y) − ε, d(x, y) + ε]
so that the resulting dissimilarity dR is Robinsonian. To formulate the underlying
decision problem, we relax the notions of compatible order and Robinson dissimi-
larity. Given ε ≥ 0, a total order ≺ on X is called ε-compatible if u ≺ x ≺ y ≺ v

implies d(u, v) + 2ε ≥ d(x, y); here u and x may coincide as well as y and v.

To show that a total order ≺ is ε-compatible it suffices to show that d(x, z) ≥
max{d(x, y), d(y, z)} + ε for any x, y, z ∈ X such that x ≺ y ≺ z (note that this
condition is not necessary but is all we actually use). An ε-Robinsonian dissimilar-
ity is a dissimilarity admitting an ε-compatible order. We are lead to the following
recognition problem:

Problem ε-ROBINSON: Given a dissimilarity d and a real number ε > 0, is d ε-
Robinsonian?

In the companion paper [22], we show that the problem ε-ROBINSON is
NP-complete and that, unless P = NP, it is NP-hard to approximate l∞-FITTING-
BY-ROBINSON within a factor smaller than 3/2. On the other hand, the main
result of present paper is a factor 16 approximation algorithm for the problem
l∞-FITTING-BY-ROBINSON. (A polynomial time algorithm is called an α-factor
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approximation algorithm for a minimization problem � if for each instance I of �,
it returns a solution whose value is at most α times the optimal value OPT�(I) of �

on I plus a constant not depending of I ; see [57].)

1.3 Related Work

We briefly recall here what is known about Robinsonian structures and about l∞-
fitting of distances by simpler distances.

In the original Robinson’s paper [50] and in some other papers [5, 43, 48], com-
patible orders and Robinson matrices are defined for similarities; the elements of a
Robinson similarity matrix not increase when moving away from the main diagonal.
In particular, Robinson (0,1)-similarity matrices are exactly the symmetric matrices
having the Consecutive One Property [14, 35, 43]. Atkins, Boman and Hendrickson
[5] call a similarity matrix pre-Robinson if its lines and columns can be permuted to
become a Robinson matrix. Kendall [43] established that if A is a (0,1)-matrix that
can be permuted to obey the Consecutive One Property, then AAT can be permuted
to become a Robinson matrix applying the same sequence of permutations as for A.

Atkins et al. [5] showed that if S is a Robinson similarity matrix, then the coordi-
nates of the eigenvector of its smallest nonzero eigenvalue of the Laplacian of S (the
so-called Fiedler vector of S) constitute a monotone sequence of numbers. They use
this result to design an algorithm of complexity O(nT (n) + n2 logn) to recognize
if a similarity matrix of size n × n is pre-Robinson, where T (n) is the complex-
ity of computing the Fiedler vector of a matrix. The algorithm of [5] also uses the
PQ-trees of Booth and Lueker [14]. PQ-trees have been employed by Klinz, Rudolf,
and Woeginger [45] to recognize in O(nm(n + m)) time the permuted bottleneck
Monge n × m matrices, which can be viewed as another generalization of matrices
with the Consecutive One Property. Mirkin and Rodin [49] describe an O(n4) algo-
rithm for testing if a dissimilarity d on n points is Robinsonian. For this, they build
up the hypergraph of all balls of d and test using the PQ-tree algorithm if this hyper-
graph is an interval hypergraph. A simple divide-and-conquer O(n3)-time algorithm
for the same recognition problem has been designed in [20]. Barthelemy and Brucker
[9] established that the problem of an optimal lp-approximation of a dissimilarity
by a particular Robinsonian dissimilarity (namely, strongly Robinsonian dissimilar-
ity) is NP-hard for p < ∞. Answering a question from [9], in [22] we establish the
NP-hardness of this problem in the remaining case p = ∞.

The problem of fitting distances by simpler distances is a classical problem in data
analysis, phylogeny, and, more recently, in computer science. Fitting distances and
low-distortion embedding of distances have been also a subject of extensive math-
ematical studies. The combinatorial and algorithmic results on these problems have
been surveyed in [41]; see also [8] for an account of most recent algorithmic de-
velopments. We review here only the results about l∞-fitting of distances (this error
measure is also known as the maximum additive distortion [7] or the maximum addi-
tive two-sided error [8]). Farach, Kannan, and Warnow [31] showed that l∞-fitting of
a distance d by an ultrametric can be done in polynomial time. This result has been
used by Agarwala et al. [1] to design a factor 3 approximation algorithm for l∞-fitting
of distances by tree-distances, a problem which has been shown to be NP-hard in the
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same paper [1]. The idea behind the approximation algorithm of [1] is to show that
the best l∞-ultrametric for d can be used to compute an optimal (in the l∞-sense)
tree-distance which preserves the distances to a fixed point p (called pivot), and that
this tree-distance provides the required factor 3 approximation to the initial fitting
problem. A unified and simplified treatment of these results of [1, 31] using sub-
dominants was given in [21]. Namely, it is shown in [21] that any dissimilarity d on
X admits a sub-dominant d̂p in the set of tree-distances on X preserving the distances
to a pivot p, that d̂p can be derived from the ultrametric sub-dominant d̂u of d via
the so-called Farris transform or Gromov product, and that d̂u + 1

2‖d − d̂u‖∞ · d0

and d̂p + 1
2‖d − d̂p‖∞ · d0 are optimal (in the l∞-sense) ultrametric and tree-distance

preserving the distances to p. l∞-Fitting of a dissimilarity by a line-distance (the so-
called MATRIX-TO-LINE problem) has been proven NP-hard by Saxe [51] in 1979.
More recently, Håstad, Ivansson, and Lagergren [38] showed that this problem can be
approximated within factor of 2, but unless P = NP cannot be approximated within
a factor smaller than 7/5 (notice that Agarwala et al. [1] establish a similar non-
approximability result for tree-distances with 7/5 replaced by 9/8). The algorithm
of Håstad et al. [38] assumes known the leftmost point p in the optimal arrangement
of the points of X on the line (to find it one can simply run the algorithm with all
n possible choices of the pivot p and return the best arrangement). The algorithm
places p at the origin of the line and locate every other point x of X at distance
d(p,x) to the right of the origin. It can be easily shown that already this arrange-
ment provides a factor 3 algorithm for the MATRIX-TO-LINE problem (in fact this
part of the algorithm is similar to the algorithm of [1, 31] because the distances to
p remain all unchanged). To improve the factor from 3 to 2, each point of the ob-
tained arrangement is moved by ε to the left or to the right, where ε is taken from a
compact list of admissible values. To decide for a given ε how to move the points,
a 2-SAT formula �ε is defined. Taking each admissible value of ε in increasing or-
der, the algorithm solves the corresponding 2-SAT problem �ε , until the first value
ε∗ is found for which �ε∗ has a satisfying assignment. The algorithm returns the
arrangement resulting from this assignment. Bădoiu [6] extended the results of [38]
to l∞-fitting of distances by rectilinear (l1-) distances in the 2-dimensional space and
proposed a constant-factor algorithm for this problem. The similar lp-fitting problems
with p < ∞ are much harder and finding a constant factor approximation algorithm
for either of these problems is a challenging task. Notice only that Dhamdhere [26]
obtained a factor O(logn) algorithm for l1-fitting of a distance by a line distance
and Ailon and Charikar [2] developed a factor O((logn log logn)1/p) algorithm for
lp-fitting of a distance by a ultrametric or a tree distance.

Motivated by monotone mappings of distances used in the literature on multidi-
mensional scaling [25, 32, 33, 55], Alon, Bădoiu, Demaine, Farach-Colton, Haji-
aghayi, and Sidiropoulos [3] introduced the notion of ordinal embedding with multi-
plicative and additive relaxation. Although the authors investigate only the multiplica-
tive relaxation, ordinal embeddings with additive relaxation—only briefly discussed
in [3]—turn out to be closely related with the subject of our paper. Given a dissimi-
larity d on X and a class of target dissimilarities D′ on X, an ordinal embedding with
additive relaxation α ≥ 0 is a choice of d ′ ∈ D′ such that if d(x, y) + α < d(u, v),
then d ′(x, y) < d ′(u, v). In other words, significantly different distances have their
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relative order preserved. For d ∈ D and D′ ⊂ D, the ORDINAL ADDITIVE RE-
LAXATION PROBLEM asks for computing the least α∗ such that d admits an ordinal
embedding with additive relaxation α∗ into D′. It can be easily seen that an embed-
ding with l∞-error ε is also an ordinal embedding with additive relaxation at most
2ε. On the other hand, Alon et al. [3] provide an example of a 4-point metric space
which can be ordinally embedded into the line with additive relaxation α and addi-
tive distortion 10, showing thus that already in the simple case of line-distances the
additive relaxation α∗ cannot be bounded by the optimal l∞-error ε∗. As we will
show below, if the target set is the set R of all Robinsonian dissimilarities on X, then
α∗ = 2ε∗. Since computing ε∗ is NP-hard [22], computing the minimum additive re-
laxation α∗ is hard as well. On the other hand, the Robinsonian dissimilarity returned
by our factor 16 algorithm provides an ordinal embedding of d into R with relaxation
≤ 16α∗.

1.4 Our Result and Techniques

The main result of the present paper is a factor 16 approximation algorithm for the
problem l∞-FITTING-BY-ROBINSON. The algorithm runs in O(n6 logn) time.
The basic setting of our algorithm goes as follows. First we show that the optimal
error ε∗ of l∞-FITTING-BY-ROBINSON belongs to a well-defined list � of size
O(n4) and that for a given total order ≺, a Robinsonian dissimilarity compatible
with ≺ and best fitting d can be found in O(n2) time. As in some other minmax
problems [57], our approximation algorithm tests the entries of �, using a parame-
ter ε, which is the “guess” of the optimal error. For current ε ∈ �, the algorithm
either finds that no ε-compatible order exist, in which case the input dissimilarity d

is not ε-Robinsonian, or it returns a 16ε-compatible order. Now, if ε is the least value
for which the algorithm does not return the negative answer, then ε∗ ≥ ε, and the
returned 16ε-Robinsonian dissimilarity has l∞-error at most 16ε∗, establishing that
we have a factor 16 approximation algorithm.

For ε ∈ �, the algorithm constructs a canonical binary relation � such that every
ε-compatible total order refines either � or its dual. If � is not a partial order, then
the algorithm returns the negative answer. If � is a total order, then we are done.
Otherwise, we select a maximal chain P = (a1, a2, . . . , ap) of the partial order �
and we search to fit each element of X◦ := X \ P between two consecutive elements
of P. We say that two consecutive elements ai, ai+1 ∈ P form a hole Hi and that all
elements x ∈ X◦ assigned between ai and ai+1 are located in Hi. The distribution
of the elements to holes is performed so that (a) any pair of elements x, y ∈ X◦
located in the same hole Hi must “fit” in this hole, i.e., at least one of the orders
ai ≺ x ≺ y ≺ ai+1 or ai ≺ y ≺ x ≺ ai+1 must be cε-compatible for some c ≤ 12.

Partitioning X◦ into sets Xi of elements which will be located in the same hole Hi ,
i = 1, . . . , p − 1, is not obvious. Even if such a partition is available, we cannot
directly apply a recursive call to each Xi , because (b) the elements located outside
the hole Hi will impose a certain order on the elements of Xi and, since we tolerate
some errors, (c) we cannot ensure that Xi is exactly the set of elements which must
be located in Hi in some ε-compatible total order.

To deal with (a), we give a classification of admissible and pairwise admissible
holes for elements of X◦. This allows to conclude that each element x ∈ X◦ can be
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located in the leftmost or rightmost admissible hole for x (we call them bounding
holes of x); see Fig. 1. Both locations are allowable except the case when there exist
several elements having the same pair of bounding holes. For i < j , let Xij be the
set of all elements of X◦ having Hi and Hj−1 as bounding holes. To deal with (b)

and (c), we define a directed graph
−→Lij on each set Xij . We draw an arc between two

elements x and y of Xij , if either the distance d(x, y) is “small enough” (in which
case both arcs between x and y are present) or if x and y must be located in the same
hole and for any ε-compatible order ≺ we will have ai+1 ≺ x ≺ y or y ≺ x ≺ aj−1.

The strongly connected components (which we call cells) of
−→Lij have the property

that in each ε-compatible order all elements of the same component must be located
in the same hole. In fact the cells (and not the sets Xi ) are the units to which we
apply the recursive calls in the algorithm. To decide in which hole Hi or Hj−1 to

locate each cell of
−→Lij and to define the relative order between the cells assigned to

the same hole, we define another directed graph
−→Gij displaying the “macroscopic”

structure of
−→Lij . The vertices of

−→Gij are the cells of
−→Lij and an arc between two cells

C and C′ is defined (again using distance constraints only) so that to ensure that for
any ε-compatible order ≺ either ai+1 ≺ u ≺ v or v ≺ u ≺ aj−1 holds for all u ∈ C

and v ∈ C′. Moreover, if the cells C and C′ contain elements which we know that
they must be located in different holes in all ε-compatible orders, then in

−→Gij we
draw an arc between C and C′ and an arc between C′ and C, thus creating a 2-cycle.

Furthermore,
−→Gij satisfies the following crucial properties: (i) if some

−→Gij does not
have a partition into two acyclic subgraphs then no ε-compatible order exist and (ii)

if
−→Gij has a partition into two acyclic subgraphs

−→
G−

ij and
−→
G+

ij , then all cells of
−→
G−

ij will

be located in Hi , all cells of
−→
G+

ij will be located in Hj−1, and the topological ordering
of each of these graphs defines the relative order between the cells. To partition the

graphs
−→Gij into two acyclic subgraphs (this problem in general is NP-complete [42]),

we investigate the specific properties of graphs in question, allowing us to define a

2-SAT formula �ij which is satisfiable if and only if the required bipartition of
−→Gij

exists. Finally, to locate in each hole Hi the cells coming from different subgraphs−→
G+

j ′i ,
−→
G−

ij , and
−→
G−

ij ′′ with j ′ < i < j < j ′′, we use the following separation rule: the

cells of
−→
G+

j ′i are located to the left of the cells of
−→
G−

ij and the cells of
−→
G−

ij are located

to the right of the cells of
−→
G−

ij ′′ .

1.5 The Structure of the Paper

In Sect. 2, we establish some auxiliary results used to design the approximation algo-
rithm. In Sects. 3 and 4 we develop the principal technical tools used in the algorithm.
The approximation algorithm itself is described in Sect. 5 and its performance analy-
sis is given in Sect. 6. In Sect. 7 we establish that the Robinsonian dissimilarity pro-
vided by our algorithm also provides an ordinal embedding with additive relaxation
at most 16α∗. For reader convenience, in the final Sect. 8 we give a glossary of main
terms used in our paper. Throughout the rest of this paper we consider only Robinson
dissimilarities; all our results can be also re-phrased in terms of similarities.
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2 Preliminary Results

In this section, we establish some auxiliary results used in the approximation algo-
rithm.

2.1 Optimal ≺-Restricted Robinsonian Approximation

≺-RESTRICTED l∞-FITTING-BY-ROBINSON problem is obtained from the
problem l∞-FITTING-BY-ROBINSON by replacing R by R≺. Following the ap-
proach of [21], here we show that this restricted problem can be solved in polynomial
time.

Lemma 2.1 A dissimilarity d on X is Robinsonian if and only if there exists a total
order ≺ on X, such that d(x, y) ≥ d(u, v) holds for any four (not necessarily distinct)
elements u,v, x, y ∈ X such that x ≺ u ≺ v ≺ y.

Proof First suppose that the inequality d(x, y) ≥ d(u, v) holds for all x ≺ u ≺ v ≺ y.

To show that ≺ is compatible with d , pick the elements x, y, z ∈ X such that x ≺
z ≺ y. Applying twice the 4-point inequality, first with u = z, v = y and then with
u = x, v = z, we deduce that d(x, y) ≥ d(z, y) and d(x, y) ≥ d(x, z), respectively.
Thus ≺ is compatible with d , yielding that d is Robinsonian. Conversely, if d is
Robinsonian, then there exists a total order ≺ compatible with d. If x ≺ u ≺ v ≺ y,
then we have d(x, y) ≥ d(x, v) and d(x, v) ≥ d(u, v), therefore d(x, y) ≥ d(u, v),
and the required 4-point inequality is proven. �

Lemma 2.2 If ≺ is a total order on X satisfying d(u,w) ≥ max{d(u, v), d(v,w)}−ε

for any three elements u,v,w ∈ X such that u ≺ v ≺ w, then ≺ is ε-compatible.

Proof It suffices to show that d(u, v) ≥ d(x, y) − 2ε for any four (not necessarily
distinct) elements u,x, y, v ∈ X such that u ≺ x ≺ y ≺ v. This is indeed the case,
because d(u, v) ≥ d(u, y) − ε and d(u, y) ≥ d(x, y) − ε. �

Lemma 2.3 For a total order ≺ on X and d ∈ D, let ď≺ be a dissimilarity defined in
the following way: for x, y ∈ X with x ≺ y, x �= y, set

ď≺(x, y) = max{d(u, v) : u,v ∈ X and x ≺ u ≺ v ≺ y}
(we suppose here that a ≺ a for any a ∈ X). Then ď≺ is the super-dominant of d

in R≺.

Proof From the definition of ď≺ we infer that d ≤ ď≺. We assert that ď≺ is Robin-
sonian, namely that ≺ is a compatible order for ď≺. Let E(u,v) = {d(u′, v′) : u ≺
u′ ≺ v′ ≺ v}. For a triplet x ≺ z ≺ y, the distance-sets E(x, z) and E(z, y) are obvi-
ously contained in E(x,y). Taking the maximum in each of the sets E(x, z),E(z, y)

and E(x,y), we deduce that x ≺ z ≺ y implies ď≺(x, y) ≥ max{ď≺(x, z), ď≺(z, y)}.
It remains to show that if d ′ ∈ R≺ and d ≤ d ′, then ď≺ ≤ d ′. Pick x, y ∈ X with
x ≺ y. Let u,v be defined so that x ≺ u ≺ v ≺ y and ď≺(x, y) = d(u, v). Lemma 2.1
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yields d ′(x, y) ≥ d ′(u, v). Since d ≤ d ′, we also have d(u, v) ≤ d ′(u, v). Putting
all together, we obtain ď≺(x, y) = d(u, v) ≤ d ′(u, v) ≤ d ′(x, y), thus ď≺ ≤ d ′. This
shows that indeed ď≺ is the super-dominant of d in R≺. �

Let 2ε̃≺ = ‖d − ď≺‖∞ and set δ = min{d(x, y) : x �= y} > 0. Let d̃≺ be the
(Robinsonian) dissimilarity obtained from ď≺ by setting d̃≺(x, y) = max{ď≺(x, y) −
ε̃≺, δ} > 0 for all x, y ∈ X,x �= y, and d̃≺(x, x) = 0.

Lemma 2.4 For a total order ≺ on X and d ∈ D, d̃≺ is a Robinsonian dissimilarity
that minimizes ‖d − d ′‖∞ for d ′ ∈ R≺.

Proof By definition, d̃≺ is a dissimilarity. From Lemma 2.3 we know that ≺ is a
compatible order for ď≺. We assert that ≺ is a compatible order also for d̃≺. Let
x ≺ z ≺ y and x �= z �= y. By symmetry, it suffices to show that d̃≺(x, y) ≥ d̃≺(x, z).

If d̃≺(x, z) = δ, then we are done because d̃≺(x, y) ≥ δ. Otherwise, if d̃≺(x, z) =
ď≺(x, z) − ε̃≺ > δ, then the inequality ď≺(x, y) ≥ ď≺(x, z) implies that d̃≺(x, y) =
ď≺(x, y) − ε̃≺ > δ, whence d̃≺(x, y) = ď≺(x, y) − ε̃≺ ≥ ď≺(x, z) − ε̃≺ = d̃≺(x, z).

This shows that d̃≺ ∈ R≺.

To prove that d̃≺ is an optimal l∞-approximation for d in R≺, first note that the
l∞-distance between d and d̃≺ is one-half of the l∞-distance between d and ď≺.

Indeed, if d̃≺(x, y) = ď≺(x, y) − ε̃≺, then, since 0 ≤ ď≺(x, y) − d(x, y) ≤ 2ε̃≺, we
obtain that 0 ≤ d̃≺(x, y) + ε̃≺ − d(x, y) ≤ 2ε̃≺, yielding |d̃≺(x, y) − d(x, y)| ≤ ε̃≺
in this case. If d̃≺(x, y) = δ, then ď≺(x, y) − ε̃≺ ≤ δ, therefore δ + ε̃≺ ≥ ď≺(x, y) ≥
d(x, y) ≥ δ, whence |d(x, y)− d̃≺(x, y)| ≤ ε̃≺. On the other hand, there exist two dis-
tinct elements u,v of X such that ď≺(u, v)−d(u, v) = 2ε̃≺. For this pair, necessarily
we have d̃≺(u, v) = ď≺(u, v) − ε̃≺, thus indeed ‖d − d̃≺‖∞ = ε̃≺. Now, suppose
by way of contradiction that there exists d ′ ∈ R≺ such that ε′ = ‖d − d ′‖∞ < ε̃≺.

Let u,v be a pair of X for which d̃≺(u, v) − d(u, v) = ε̃≺. Then ď≺(u, v) =
d̃≺(u, v) + ε̃≺. Since d ≤ d ′ + ε′d0 and d ′ + ε′d0 ∈ R≺, Lemma 2.3 implies
that d ′(u, v) + ε′ ≥ ď≺(u, v) = d̃≺(u, v) + ε̃≺, whence d ′(u, v) > d̃≺(u, v). Since
d̃≺(u, v) = d(u, v) + ε̃≺, we conclude that d ′(u, v) > d̃≺(u, v) = d(u, v) + ε̃≺ >

d(u, v) + ε′, contrary to the definition of ε′ = ‖d − d ′‖∞.

�

2.2 Compact List of Breakpoints

We prove here that the optimal error ε∗ in the problem l∞-FITTING-BY-
ROBINSON belongs to a compact list � of size O(n4), whose entries can be derived
from the matrix of d.

Lemma 2.5 For a dissimilarity d ∈ D, the optimal error ε∗ of l∞-fitting of d

by a Robinsonian dissimilarity belongs to the set � = {|d(x, y) − d(x′, y′)|/2 :
x, y, x′, y′ ∈ X}.
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Proof Let d∗ be an optimal Robinsonian dissimilarity for d and let ≺ be a total order
compatible with d∗. From Lemma 2.4 we obtain

ε∗ = ‖d − d∗‖∞ = ‖d − d̃≺‖∞ = 1

2
‖d − ď≺‖∞ = 1

2
max
x,y∈X

|d(x, y) − ď≺(x, y)|.

By Lemma 2.3, ď≺(x, y) = d(u, v) for some u,v ∈ X such that x ≺ u ≺ v ≺ y,
whence ε∗ has the form 1

2 |d(x, y) − d(u, v)|. This proves that ε∗ ∈ �. �

2.3 A False Start

Lemma 2.4 shows that an optimal solution of the problem l∞-FITTING-BY-
ROBINSON can be selected among n! Robinsonian dissimilarities of the form d̃≺.

We show here that the natural heuristic similar to the approximation algorithms of
Håstad et al. [38] and Agarwala et al. [1] (which instead of n! total orders consid-
ers only n such orders) does not provide a constant-factor approximation algorithm
for our problem. Let X = {x1, . . . , xn} and, for simplicity, let d be a dissimilarity
on X taking pairwise distinct nonzero values. For each i = 1, . . . , n, the algorithm
computes a total order ≺i by considering xi as the leftmost point (i.e., xi ≺i xj for
all xj �= xi ) and ordering the remaining points according to their distances to xi ,
i.e., by setting xj ≺i xk if and only if d(xi, xj ) < d(xi, xk). For each total order ≺i ,
the algorithm computes the Robinsonian dissimilarity d̃≺i

. Finally, from the list of n

Robinsonian dissimilarities d̃≺1, . . . , d̃≺n , the algorithm returns the dissimilarity d̃≺i

minimizing the l∞-error ε̃≺i
to d . The dissimilarity (see Table 1) on 6 points shows

that this heuristic is not a factor c approximation algorithm for any constant c > 1.
For total order ≺ such that x1 ≺ x2 ≺ x3 ≺ x4 ≺ x5 ≺ x6, we have ε̂≺ = 1, there-

fore ε∗ ≤ 1. On the other hand, the heuristic selects the following 6 total orders:

≺1 = (x1, x2, x3, x5, x4, x6) with ε̃≺1 =
∣∣∣∣d(x3, x4) − d(x3, x5)

2

∣∣∣∣ = 1/2 + c;

≺2 = (x2, x3, x4, x5, x1, x6) with ε̃≺2 =
∣∣∣∣d(x4, x6) − d(x1, x6)

2

∣∣∣∣ = 1 + c;

≺3 = (x3, x2, x4, x5, x1, x6) with ε̃≺3 =
∣∣∣∣d(x4, x6) − d(x1, x6)

2

∣∣∣∣ = 1 + c;

≺4 = (x4, x5, x3, x2, x1, x6) with ε̃≺4 =
∣∣∣∣d(x4, x6) − d(x1, x6)

2

∣∣∣∣ = 1 + c;

≺5 = (x5, x4, x3, x2, x1, x6) with ε̃≺5 =
∣∣∣∣d(x4, x6) − d(x1, x6)

2

∣∣∣∣ = 1 + c;

≺6 = (x6, x5, x3, x4, x2, x1) with ε̃≺6 =
∣∣∣∣d(x4, x5) − d(x3, x5)

2

∣∣∣∣ = 3/2 + c.

As a result, the heuristic returns the total order ≺1 and the Robinsonian dissimilarity
d̃≺1 for which the l∞-error is ε̃≺1 = 1/2 + c > cε∗. Similar examples can be con-
structed to show that several other natural heuristics fail as well.
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Table 1 The dissimilarity d on
6 points from Sect. 2.3 x1 x2 x3 x4 x5 x6

x1 0 6 + 2c 7 + 2c 10 + 2c 8 + 2c 15 + 4c

x2 0 2 3 + 2c 5 + 2c 14 + 2c

x3 0 3 4 + 2c 12 + 2c

x4 0 1 13 + 2c

x5 0 11 + 2c

x6 0

2.4 Canonical Betweenness and Canonical Partial Order

Given a value ε ∈ �, we define two invariants of all (potential) ε-compatible orders:
the canonical betweenness relation B and the canonical partial order � such that
every ε-compatible total order satisfies B and refines either � or its dual.

For a total order ≺ on X and two elements x, y ∈ X, the segment [x, y] consists
of x, y and all z ∈ X which are between x and y, i.e., [x, y] = {z ∈ X : x ≺ z ≺ y} if
x ≺ y and [x, y] = {z ∈ X : y ≺ z ≺ x} if y ≺ x. Let B be the set of all triplets (x, z, y)

such that z ∈ [x, y] holds for all ε-compatible with d total orders on X. We will show
how to derive B from the distance information. (Note that the problem of deciding
if a set of ordered triplets come from a common total order is NP-complete and a
polynomial algorithm returning either the negative answer or a total order satisfying
at least one half of triplets has been designed in [23].)

Lemma 2.6 If d(x, y) > max{d(x, z), d(z, y)} + 2ε, then z ∈ [x, y] in any
ε-compatible with d total order ≺.

Proof Suppose by way of contradiction that x ≺ y ≺ z for the ε-compatible total
order ≺. Then d(x, z) + 2ε ≥ d(x, y) > d(x, z) + 2ε, a contradiction. �

Therefore we can insert in B all triplets (x, x, y), (x, y, y) for x, y ∈ X and all
triplets of the form (x, z, y) for all x, y, z ∈ X such that d(x, y) > max{d(x, z),

d(z, y)} + 2ε. Then we close B by adding all triplets of the form (x,u, y) which
follow from the identities satisfied by a betweenness relation in a total order [56]:

(B1) If z ∈ [x, y] and u ∈ [x, z] ∪ [y, z], then u ∈ [x, y];
(B2) If x′, y′ ∈ [x, y] and u ∈ [x′, y′], then u ∈ [x, y];
(B3) If z ∈ [x, y], t ∈ [z, y], and u ∈ [t, z], then u ∈ [x, y];
(B4) If z ∈ [t, y], t ∈ [x, z], and u ∈ [t, z], then u ∈ [x, y].
If we apply the algorithm of Chor and Sudan [23] to B and it returns a negative
answer, then d does not admit any ε-compatible total order. Otherwise, however,
even if a total order is compatible with all triplets of B, this order is not necessarily
ε-compatible with d. Therefore we need to refine the constraints imposed by B by
introducing the partial order � such that every ε-compatible total order ≺ refines
either � or the dual of � (a total order ≺ refines a partial order � if x � y implies
x ≺ y). In order to give an orientation to B, we set p � q for two arbitrary elements
p,q ∈ X, and close � using the following rules:
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(PO1) If x � y and z ∈ [x, y], then x � z � y;
(PO2) If x � z and z ∈ [x, y], then x � y and z � y;
(PO3) If x � y and d(x, z) > d(y, z) + 2ε, then x � z;
(PO4) If x � y and d(y, z) > d(x, z) + 2ε, then z � y;
(PO5) If x � y, x � z, and d(x, z) > d(x, y) + 2ε, then x � y � z;
(PO6) If x � z, y � z, and d(x, z) > d(y, z) + 2ε, then x � y � z.

Every ε-compatible total order ≺ with p ≺ q satisfies the conditions (PO1)–(PO6),
therefore any such order refines � . In particular, if the resulting binary relation � is
not a partial order, then d does not admit an ε-compatible total order. So, further we
will assume that � is a partial order. Notice that for the correctness of our algorithm
we only use the rules (PO3)–(PO6), the first two properties (PO1), (PO2) of total
orders can be used to derive a richer partial order �. For two disjoint subsets A,B

of X, we use the notation A � B if a � b for any a ∈ A and b ∈ B. We write x?y
if neither x � y nor y � x hold. Let G = (X,A) be the directed graph in which
(x, y) ∈ A if and only if x � y and x � z � y implies that either z = x or z = y.

Since � is antisymmetric, the graph G is acyclic. We continue with basic properties
of the partial order � and graph G.

For two numbers α and β we will use the following notations (i) α ≈c β if
|α −β| ≤ cε, (ii) β �c α if β ≥ α − cε, and (iii) β �c α if β > α + cε. The following
simple properties will be used throughout the paper without specific references:

(1) If α �c β and β �c′ γ , then α �(c+c′) γ for any � ∈ {≈,�,�};
(2) If α �c β and β �c′ γ , then α �(c′−c) γ ;
(3) If α �c β and c′ < c, then α �c′ β;
(4) If α �c′ β and β �c′′ α, then α ≈c β , where c = max{c′, c′′}.

Lemma 2.7 If x, y, z ∈ X satisfy {x, y} � z or z � {x, y}, and x?y, then we have:

(1) d(x, z) ≈2 d(y, z);
(2) d(x, y) �2 min{d(x, z), d(y, z)}.

Proof Since x � z and y � z, if |d(x, z) − d(y, z)| > 2ε then condition (PO6) im-
plies that either x � y or y � x holds, contrary to the assumption that x?y. This estab-
lishes (1). The proof of (2) is similar, using only (PO3) and (PO4) instead of (PO6). �

Lemma 2.8 If u,v,w, z ∈ X satisfy {w,u} � {v, z} and u?w,v?z, then we have:

(1) d(w, z) ≈4 d(u, v);
(2) max{d(u,w), d(v, z)} �2 min{d(w, z), d(u, z), d(v,w), d(u, z)}.

Proof Since |d(w, z) − d(u, v)| ≤ |d(w, z) − d(w,v)| + |d(w,v) − d(u, v)|, while
d(w, z) ≈2 d(w,v) and d(w,v) ≈2 d(u, v) hold by Lemma 2.7(1), we conclude that
d(w, z) ≈4 d(u, v). The property (2) is a direct consequence of Lemma 2.7(2). �

Lemma 2.9 If u,v,w, z ∈ X satisfy w � {v, z}, u � v, u?z, u?w, and v?z, then we
have:

(1) d(w, z) ≈4 d(u, v), d(u, z) ≈4 d(w, z);
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(2) d(v, z) �2 min{d(w, z), d(w,v)};
(3) d(w,u) �2 min{d(w,v), d(u, v)}.

Proof The properties (2) and (3) are immediate consequences of Lemma 2.7(2). Ap-
plying Lemma 2.7(1), we obtain d(w, z) ≈2 d(w,v) and d(u, v) ≈2 d(w,v), there-
fore d(w, z) ≈4 d(u, v). �

3 Admissible and Pairwise Admissible Holes

For a given ε ∈ �, let � be the canonical partial order on X and let G be the acyclic
graph of this order. Denote by P = (a1, a2, . . . , ap−1, ap) any maximal chain of G.

We say that two consecutive elements ai, ai+1 ∈ P form a hole Hi and that all ele-
ments x ∈ X◦ assigned between ai and ai+1 are located in the hole Hi. In this section,
we introduce and investigate admissible and pairwise admissible holes for elements
of X◦. For x ∈ X◦, these are the holes Hi into which x can be located such that any
other element y ∈ X◦ can be located into an admissible hole Hj such that the result-
ing total order on P ∪ {x, y} is cε-compatible for some constant c ≤ 12. We establish
that if we tolerate the error 12ε (instead of ε), then any x ∈ X◦ can be located in its
leftmost or rightmost admissible holes and that both locations are allowable except
the case when there exist several elements having the same pair of bounding holes.

3.1 Admissible Holes

For notational convenience, we consider two additional elements � and � so
that � � x and x � � for all elements of X. For this, we simply set d(�, x) =
d(x,�) := 4 max{d(u, v) : u,v ∈ X}. Thus, the path P has the form (a1 :=
�, a2, . . . , ap−1,� := ap), and this way, every element of X◦ must be located in
a hole.

For an element x ∈ X◦, define ax = max{ai ∈ P : ai � x} and ax = min{ai ∈ P :
x � ai}. Let bx be the next to ax vertex of P and let bx be the previous to ax vertex
of the chain P. Let I (x) = {ai ∈ P : ax � ai � ax} and I ◦(x) = I (x) \ {ax, ax}.
Denote by H(x) the union of all holes Hi = [ai, ai+1] comprised between ax and
ax (i.e., such that ax � ai � ai+1 � ax) and call H(x) the segment of x. The holes
Hx = [ax, bx] and Hx = [bx, ax] are called the bounding holes of H(x), all other
holes of H(x) are called inner holes. Since x /∈ P , the segment H(x) contains at
least two holes, in particular the bounding holes of H(x) are different. The hole Hi

of H(x) is called x-admissible, if the total order on P ∪ {x} obtained from � by
adding the relation ai � x � ai+1 is ε-compatible with d . Notice that the bounding
holes of H(x) must be x-admissible. Otherwise, if say [ax, bx] is not x-admissible,
then we must have bx ≺ x in all ε-compatible orders ≺ extending � . This yields
bx � x, and we are lead to a contradiction with the definition of ax.

Lemma 3.1 If ai, aj ∈ I ◦(x), then d(x, ai) ≈2 d(x, aj ).
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Proof Let ai � aj . Since we can locate x in the bounding holes of H(x), the orders
x ≺ ai ≺ aj and ai ≺ aj ≺ x are ε-compatible. Therefore d(x, ai) �2 d(x, aj ) and
d(x, aj ) �2 d(x, ai), yielding d(x, ai) ≈2 d(x, aj ). �

Denote by dx the mean value of min{d(x, ai) : ai ∈ I ◦(x)} and max{d(x, ai) : ai ∈
I ◦(x)}. From Lemma 3.1 we infer that dx ≈1 d(x, ai) for all ai ∈ I ◦(x). For a hole
Hi = [ai, ai+1], we call δi = d(ai, ai+1) the size of Hi.

Lemma 3.2 If an inner hole Hi of H(x) is x-admissible, then δi ≈2 d(x, ai),

d(x, ai+1). In particular, δi ≈3 dx.

Proof Since the total order ai ≺ x ≺ ai+1 is ε-compatible, we conclude that
d(ai, ai+1) �2 d(ai, x) and d(ai, ai+1) �2 d(x, ai+1). On the other hand, if say
d(ai, ai+1) �2 d(ai, x), then the order x ≺ ai ≺ ai+1 is not ε-compatible, contrary
to the fact that the leftmost bounding hole of H(x) is x-admissible. Thus indeed
δi ≈2 d(x, ai) and δi ≈2 d(x, ai+1). �

From Lemma 3.2 we conclude that any inner x-admissible hole has size
3-approximatively equal to dx. This fact can be generalized in the following way:

Lemma 3.3 If ai, aj ∈ I ◦(x), then dx �3 d(ai, aj ).

Proof Let ai � aj . Since the orders x ≺ ai ≺ aj and ai ≺ aj ≺ x are ε-compatible,
we deduce that d(ai, aj ) �2 d(x, aj ) ≈1 dx and d(ai, aj ) �2 d(x, ai) ≈1 dy. �

It can be easily shown that the size of a bounding hole is approximatively equal
to the distance from x to the respective endpoint and maybe only larger than dx and
d(bx, bx):

Lemma 3.4 For bounding holes of H(x) we have

d(ax, x) ≈2 d(ax, bx) �2 d(x, bx) �1 dx �3 d(bxbx),

d(ax, x) ≈2 d(ax, bx) �2 d(x, bx) �1 dx �3 d(bxbx).

Lemma 3.5 If ai, aj ∈ I ◦(x), ak ∈ P \ I ◦(x), then d(ak, x) ≈2 d(ak, ai), d(ak, aj ).

Proof Suppose without loss of generality that ak � ai � aj . Then ak � x. Since
x?ai and x?aj , the orders ak ≺ x ≺ ai ≺ aj and ak ≺ ai ≺ aj ≺ x are ε-compatible,
yielding the required relationships. �

3.2 Pairwise Admissible Holes

A pair {Hi,Hj } of holes is called (x, y, c)-admissible if Hi is x-admissible, Hj is
y-admissible, and the total order on P ∪ {x, y} obtained from � by adding the rela-
tions ai � x � ai+1 and aj � y � aj+1 is cε-compatible. Denote by AH(x) the set of
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all x-admissible holes Hi so that for each element y ∈ X◦ different from x there ex-
ists an y-admissible hole Hj such that {Hi,Hj } is a (x, y,1)-admissible pair. Further
we can assume that for any element x ∈ X◦ the bounding holes [ax, bx] and [bx, ax]
of H(x) belong to AH(x). Otherwise, if say [ax, bx] /∈ AH(x), then bx ≺ x in any
ε-compatible total order ≺ extending �, therefore we can augment the canonical par-
tial order � by setting bx � x and by reducing the sets H(x) and I (x) accordingly.

For two elements x, y ∈ X◦, we distinguish the following cases of the mutual
geometric location of the segments H(x) and H(y):

(i) H(x) and H(y) are disjoint (H(x) ∩ H(y) = ∅);
(ii) H(x) and H(y) overlap and |H(x) ∩ H(y)| ≥ 2 (notation H(x) ◦ H(y));

(iii) H(x) and H(y) overlap and |H(x) ∩ H(y)| = 1 (notation H(x) ∗ H(y));
(iv) H(y) is a proper subinterval of H(x) (notation H(y) 	 H(x));
(v) H(x) = H(y).

The rest of this subsection is devoted to the proof of the following important result:

Proposition 3.6 For two elements x, y ∈ X◦, any location of x in a bounding hole of
H(x) and any location of y in a bounding hole of H(y) is (x, y,12)-admissible, un-
less H(x) = H(y) and d(x, y) �3 max{dx, dy} or d(x, y) �3 max{dx, dy}, subject
to the following three constraints:

(i) if H(x) 	 H(y), x and y are located in a common bounding hole, then x is
between y and I ◦(y);

(ii) if H(x) ∗ H(y), then ax � ay implies x ≺ y;
(iii) if H(x) = H(y), x and y are located in the same bounding hole, and dy �4 dx ,

then y is between x and I ◦(y) = I ◦(x).

If H(x) = H(y) and d(x, y) �3 max{dx, dy}, then the only (x, y,1)-admissible lo-
cations are the two locations of x and y in different bounding holes. If H(x) = H(y)

and d(x, y) �3 max{dx, dy}, then any (x, y,1)-admissible location is in common x-
and y-admissible holes.

The proof of Proposition 3.6 is split into several lemmata.

Lemma 3.7 If Hi is x-admissible, Hj is y-admissible, i < j , and max{d(x, aj ),

d(y, ai+1)} �c d(x, y) �c min{d(y, ai), d(x, aj+1)} for c ≥ 2, then the location of x

in Hi and of y in Hj is (x, y, c + 2)-admissible.

Proof Suppose x is located in Hi to the left of y. According to Lemma 2.2, it suf-
fices to show that for any ak ∈ P we have d(ak, y) �(c+2) max{d(ak, x), d(x, y)}
if k ≤ i, d(ak, x) �(c+2) max{d(ak, y), d(x, y)} if j ≤ k, and d(x, y) �(c+2)

max{d(x, ak), d(ak, y)} if i �= j and i < k < j. Let k ≤ i. Since Hj is y-
admissible and Hi is x-admissible, we deduce that d(ak, y) �2 d(ak, aj ) �2
d(ak, x). On the other hand, d(ak, y) �2 d(y, ai) �c d(x, y). Thus d(ak, y) �(c+2)

max{d(ak, x), d(x, y)}. The case j ≤ k is analogous. Now suppose that i < k < j.

Then d(x, y) �c d(x, aj ) �2 d(x, ak), and we obtain that d(x, y) �(c+2) d(x, ak).

The inequality d(x, y) �(c+2) d(ak, y) is completely analogous. This completes the
proof. �



Algorithmica

The proof of the following result is similar to the proof of Lemma 3.7.

Lemma 3.8 If Hi is x- and y-admissible, d(x, y) �c min{d(y, ai), d(x, ai+1)},
d(ak, y) �(c+2) d(ak, x) for any k ≤ i, and d(ak, x) �(c+2) d(ak, y) for any k > i,
then the location of x and y in Hi so that x is to the left of y is (x, y, c+2)-admissible.

Next we investigate the pairwise admissible locations of x and y in function of
the mutual geometric location of the segments H(x) and H(y) and of the values
d(x, y), dx , and dy .

Lemma 3.9 If H(x)∩H(y) = ∅, then d(x, y) �5 max{dx, dy} and any x-admissible
hole Hi and any y-admissible hole Hj define a (x, y,4)-admissible pair.

Proof Suppose without loss of generality that x � y, in particular, i < j. Denote by
≺ the resulting total order on P ∪ {x, y}. Since there exists a (x, y,1)-admissible
location in which x belongs Hx , the order x ≺ bx ≺ ax ≺ y is ε-compatible,
therefore d(x, y) �2 d(bx, ax) holds. On the other hand, Lemma 3.4 implies that
d(bx, ax) �3 dx , thus yielding d(x, y) �5 dx. Analogously, we can prove that
d(x, y) �5 dy . To establish the second assertion, by Lemma 2.2 it suffices to show
that d(u,w) �2 max{d(u, v), d(v,w)} for any three elements u,v,w ∈ P ∪ {x, y}
such that u ≺ v ≺ w. Since Hi is x-admissible and Hj is y-admissible, it suf-
fices to establish this inequality in the case when {u,v,w} = {x, y, ak} for any el-
ement ak ∈ P. If ak /∈ I ◦(x) ∪ I ◦(y), then either ak � x � y, or x � ak � y, or
x � y � ak , and the required inequality follows from the ε-compatibility of the
canonical partial order � . Now suppose that ak ∈ I ◦(x) ∪ I ◦(y), say ak ∈ I ◦(x).

Then x?ak and ak � y. Since x � y, from Lemma 2.7 we infer that d(x, y) ≈2
d(ak, y) and d(x, ak) �2 min{d(x, y), d(ak, y)}. If ak ≺ x, then d(ak, y) �2 d(ak, x)

and d(ak, x) �2 d(x, y). Analogously, if x ≺ ak , we obtain d(x, y) �2 d(x, ak) and
d(x, y) �2 d(ak, y), establishing the result. �

Lemma 3.10 If Hx ∩ Hy = ∅, then for all aj ∈ I ◦(x), ai ∈ I ◦(y) we have
d(ai, aj ) ≈8 d(x, y).

Proof Let y � x. By previous lemma, any location of x and y in bounding holes
is pairwise 4ε-admissible, therefore the orders ay ≺ y ≺ by ≺ aj ≺ ai ≺ bx ≺ x ≺
ax and aj ≺ by ≺ y ≺ ay ≺ ax ≺ x ≺ bx ≺ ai are both 4ε-compatible, yielding
d(ai, aj ) ≈8 d(x, y). �

Lemma 3.11 If H(x) and H(y) overlap, then d(x, y) �3 max{dx, dy} and any x-
admissible hole of H(x) \ H(y) and any y-admissible hole of H(y) \ H(x) define a
(x, y,4)-admissible pair.

Proof Suppose without loss of generality that I ◦(x) \ I ◦(y) is to the left of I ◦(y) \
I ◦(x). The leftmost hole of H(x) belongs to a (x, y,1)-admissible pair, thus the order
x ≺ ay ≺ y is ε-admissible. Since ay ∈ I ◦(x), we obtain d(x, y) �2 d(x, ay) ≈1 dx ,
i.e. d(x, y) �3 dx. Analogously, one can show that d(x, y) �3 dy.
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To establish the second assertion, we will show that any triplet {x, y, ak} satisfies
the conditions of Lemma 2.2. First, let ak � ax. If x?y, from Lemma 2.7 we infer that
d(ak, x) ≈2 d(ak, y) and d(x, y) �2 min{d(ak, x), d(ak, y)}, yielding the required
inequality. Otherwise, we must have x � y and therefore ak � x � y is ε-compatible
by the definition of �. This settles the case ak � ax. The case ay � ak is analo-
gous. Now, suppose without loss of generality that ak ∈ I ◦(x). If ak ∈ I ◦(x) ∩ I ◦(y),
then d(x, ak) ≈1 dx and d(y, ak) ≈1 dy. Also x ≺ ak ≺ y by the conditions of the
lemma. Since d(x, y) �3 max{dx, dy} by first part, we conclude that d(x, y) �4
max{d(x, ak), d(ak, y)}. Finally, suppose that ak ∈ I ◦(x) \ I ◦(y). Then x?ak , x?y,
y?ax , ak � {y, ax}, and x � ax. By Lemma 2.9, we have d(x, y) ≈4 d(ak, y). To
complete the proof, it suffices to show that d(ak, x) �4 min{d(ak, y), d(x, y)}. Since
the location of x is x-admissible, the order ak ≺ x ≺ ax is ε-compatible. Analogously,
the order ak ≺ ax ≺ y is ε-compatible. Thus d(ak, x) �2 d(ak, ax) �2 d(ak, y),
yielding d(ak, x) �4 d(ak, y). Since ak ∈ I ◦(x), we have d(x, ak) ≈1 dx �3 d(x, y),
thus d(ak, x) �4 d(x, y). �

In the next two results, we assume that H(x)◦H(y). We will suppose without loss
of generality that H(y) \ H(x) is to the left of H(x) \ H(y). Then either y � x or
x?y hold, otherwise the location of y in the leftmost hole of H(y) cannot be extended
to a (x, y,1)-admissible location. Then the bounding hole H ′ := [by, ay] of H(y) is
an inner hole of H(x) and, vice-versa, the bounding hole H ′′ := [ax, bx] of H(x) is
an inner hole of H(y). Notice also that these bounding holes are distinct and that H ′′
is to the left of H ′.

Lemma 3.12 If H(x) ◦ H(y), then d(x, y) ≈3 dx, dy. Moreover, if ak ∈ I ◦(x) ∪
I ◦(y), then d(x, y) ≈6 d(ak, x), d(ak, y).

Proof Since H ′ ∈ AH(y), there exists an x-admissible hole Hj such that H ′ and Hj

define a pairwise ε-admissible location of y and x. If Hj is different from H ′, we ob-
tain that either d(x, by) �2 d(x, y) �2 d(x, ay) or d(x, ay) �2 d(x, y) �2 d(x, by).

Since H ′ is an inner hole of x, from Lemma 3.1 we infer that d(x, by) ≈2 d(x, ax).

In both cases we conclude that d(x, y) ≈3 dx . Now suppose that Hj = H ′. Then
d(x, y) as well as the distances from x and y to by and ay are all smaller or
equal than d(by, ay) + 2ε. At least one of the inequalities d(x, by) �2 d(x, y) or
d(x, ay) �2 d(x, y) holds, because y is located between x and one of the elements
by and ay. Since H ′ is an inner hole of H(x), from Lemma 3.1 we conclude
that dx �1 d(x, ay) and dx �1 d(x, by), yielding dx �3 d(x, y). Analogously, us-
ing H ′′ instead of H ′, one can show that dy �3 d(x, y). Since d(x, y) �3 dx and
d(x, y) �3 dy by Lemma 3.11, we conclude that d(x, y) ≈3 dx and d(x, y) ≈3 dy ,
thus establishing the first assertion.

To prove the second assertion, pick any ak ∈ I ◦(x) ∪ I ◦(y). If ak ∈ I ◦(x), then
Lemma 3.1 and previous assertion yield d(ak, x) ≈1 dx and dx ≈3 d(x, y), whence
d(ak, x) ≈4 d(x, y). Analogously, if ak ∈ I ◦(y) we conclude that d(ak, y) ≈4
d(x, y). So, suppose that ak ∈ I ◦(y) \ I ◦(x). We assert that in this case d(ak, x) ≈6
d(x, y). Since the hole [ay, by] is y-admissible, there exists a pairwise (x, y,1)-
admissible location such that y belongs to [ay, by] and y ≺ ak ≺ x. Therefore
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d(x, y) �2 d(x, ak). On the other hand, since ak ≺ bx ≺ x and bx ∈ I ◦(x), we in-
fer that d(x, ak) �2 d(bx, x) �1 dx �3 d(x, y), yielding d(x, a) ≈6 d(x, y). �

Lemma 3.13 If H(x) ◦ H(y), then any x-admissible hole Hi and any y-admissible
hole Hj define a (x, y,12)-admissible pair.

Proof Denote the resulting total order on P ∪ {x, y} by ≺ . To establish the result,
by Lemma 2.2 we must show that d(u,w) �12 max{d(u, v), d(v,w)} for any u,v,w

such that u ≺ v ≺ w and {u,v,w} = {x, y, ak} for ak ∈ P.

If ak /∈ I ◦(x) ∪ I ◦(y), then either ak � {x, y} or {x, y} � ak. Then ak ≺ {x, y} in
the first case and {x, y} ≺ ak in the second case. If x?y, then from Lemma 2.7 we
infer that d(ak, x) ≈2 d(ak, y) and d(x, y) �2 min{d(ak, x), d(ak, y)}. Since either
ak ≺ {x, y} or {x, y} ≺ ak , we conclude that independently of the relative location of
x and y we will obtain the required inequality. Now suppose that y � x. Since the
partial order � is ε-compatible, if ak � y, then d(ak, x) �2 max{d(ak, y), d(y, x)},
and if x � ak , then d(y, ak) �2 max{d(y, x), d(x, ak)}. Therefore, if y ≺ x, then
we will obtain the stronger inequality d(u,w) �2 max{d(u, v), d(v,w)}. Notice also
that independently of the position of ak we will also have d(ak, x) �2 d(x, y) and
d(ak, y) �2 d(x, y). It remains to establish a relationship between d(ak, x) and
d(ak, y) if x ≺ y. Pick an element ai ∈ I ◦(x) ∩ I ◦(y) (such an element exists be-
cause H(x) ◦ H(y)). Since ak /∈ I ◦(x) ∪ I ◦(y), by Lemma 3.5 d(ak, x) ≈2 d(ak, ai)

and d(ak, y) ≈2 d(ak, ai), yielding d(ak, x) ≈4 d(ak, y). This concludes the proof in
the case ak /∈ I ◦(x) ∪ I ◦(y).

Now assume that ak ∈ I ◦(x) ∪ I ◦(y). By Lemma 3.12 we have d(ak, x) ≈6
d(x, y), d(ak, y) ≈6 d(x, y), and therefore d(ak, x) ≈12 d(ak, y). Thus we will ob-
tain the required inequality independently of the relative location of x, y and ak. �

Now, let H(x) ∗ H(y). Suppose that the hole Hi = H(x) ∩ H(y) is the leftmost
hole of H(y) (and the rightmost hole of H(x)). Then either x � y or x?y holds.
Indeed, if y � x, then there is no (x, y,1)-admissible pair where x is located in the
leftmost hole of H(x).

Lemma 3.14 If H(x) ∗H(y), then d(x, y) �3 max{dx, dy} and d(x, y) ≈4 δi . Addi-
tionally, if x?y, then d(x, y) ≈3 dx, dy.

Proof First, let x � y. Since Hi ∈ AH(y), there exists Hj ∈ H(x) such that the
pair Hj ,Hi is (x, y,1)-admissible. Hence d(x, y) �2 d(x, ai+1) �2 d(ai, ai+1) = δi

in view of Lemma 3.4. On the other hand, there exists a (x, y,1)-admissible pair
such that x is placed in the leftmost hole of H(x) and y in some hole of H(y).

Then ai is between x and y, and we conclude that d(x, y) �2 max{d(x, ai), d(y, ai)}.
Since d(x, ai) ≈1 dx , we infer that d(x, y) �3 dx (analogously one can show that
d(x, y) �3 dy ). On the other hand, since d(y, ai) ≈2 δi by Lemma 3.4, we conclude
that d(x, y) �4 δi , hence d(x, y) ≈4 δi .

If x?y, then there exists a (x, y,1)-admissible pair such that x is placed to the
right of y. This is possible only if both x and y are located in Hi , i.e., ai ≺ x ≺ y ≺
ai+1 is ε-compatible. This implies that d(x, y) �2 d(ai, ai+1) = δi . Since d(x, y) �4
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d(ai, ai+1) can be shown as above, we conclude that d(x, y) ≈4 δi . Now, since ai ∈
I ◦(x) and ai+1 ∈ I ◦(y), by Lemma 3.1 we obtain that d(x, y) �2 d(x, ai) �1 dx

and d(x, y) �2 d(y, ai+1) �1 dy. Since d(x, y) �3 max{dx, dy} by Lemma 3.14, we
deduce that d(x, y) ≈3 dx, dy. �

Lemma 3.15 If H(x) ∗ H(y), then any location of x and y in their bounding holes
is (x, y,12)-admissible, subject to the constraint that if they are located in Hi , then
x is to the left of y.

Proof If x is located in its leftmost hole and y is located in its rightmost hole,
then this location is (x, y,4)-admissible by Lemma 3.11. Now suppose that both
x and y are located in Hi , x to the left of y. From Lemmata 3.14 and 3.4 we
conclude that d(x, y) �4 d(ai, ai+1) �2 d(x, ai+1) and d(x, y) �4 d(ai, ai+1) �2
d(y, ai), thus d(x, y) �6 min{d(x, ai+1), d(y, ai)}. Pick ak with k ≤ i. Since ak /∈
I ◦(y) and ai+1 ∈ I ◦(y), from Lemma 3.5 we infer that d(ak, y) ≈2 d(ak, ai+1).

Now, d(ak, ai+1) �2 d(ak, x) because the hole Hi is x-admissible. This shows that
d(ak, y) �4 d(ak, x). Analogously, we can show that d(ak, x) �4 d(ak, y) for any
k > i. By Lemma 3.8, the location of x and y in Hi , x to the left of y, is (x, y,8)-
admissible.

Now suppose that x is located in Hi and y is located in its rightmost hole
Hj (the case when y is located in Hi and x in its leftmost hole is analo-
gous). To apply Lemma 3.7, we must show that max{d(x, aj ), d(y, ai+1)} �10
d(x, y) �10 min{d(y, ai), d(x, aj+1)}. Since d(x, y) �6 min{d(x, ai+1), d(y, ai)}
and d(x, ai+1) �2 d(x, aj+1), we obtain d(x, y) �8 min{d(y, ai), d(x, aj+1)}. On
the other hand, since ai+1 ∈ I ◦(y), from Lemma 3.14 we obtain d(x, y) �3 dy �1
d(ai+1, y), yielding d(x, y) �4 d(y, ai+1). Finally, since ai ∈ I ◦(x) and aj /∈ I ◦(x),
from Lemma 3.5 we infer that d(x, aj ) ≈2 d(ai, aj ). Now, d(y, ai) �2 d(aj , ai),
because Hj is y-admissible, yielding d(y, ai) �4 d(x, aj ). Note that d(y, ai) ≈2
d(ai, ai+1) by Lemma 3.4. Since d(x, y) ≈4 d(ai, ai+1) by Lemma 3.14, thus
d(x, y) �10 d(x, aj ). �

Lemma 3.16 If H(y) 	 H(x), then d(x, y) ≈3 dx �6 dy and d(x, y) �7 dy. Any
location of x and y in their bounding holes is (x, y,12)-admissible, subject to the
constraint that if x and y are located in the same bounding hole, then x is between y

and the elements of I ◦(y).

Proof Denote by Hi the leftmost hole of H(x) and by Hj the leftmost hole of H(y).

To establish the first assertion, suppose without loss of generality that Hi does not be-
long to H(y). This implies that Hj is an inner hole of H(x). Since Hi is x-admissible,
the order x ≺ ai+1 ≺ y is ε-compatible, whence d(x, y) �2 d(x, ai+1) ≈1 dx , yield-
ing d(x, y) �3 dx. On the other hand, the hole Hj is y-admissible, therefore one of
the total orders x ≺ y ≺ aj+1 or aj ≺ y ≺ x is ε-compatible. Since aj , aj+1 ∈ I ◦(x),
in the first case we obtain dx ≈1 d(x, aj+1) �2 d(x, y) while in the second case
we obtain dx ≈1 d(aj , x) �2 d(x, y), therefore dx �3 d(x, y) in both cases. This
shows that d(x, y) ≈3 dx. On the other hand, since the hole Hj is y-admissible, we
have d(aj , aj+1) �2 max{d(y, aj ), d(y, aj+1)}. Since aj+1 ∈ I ◦(y), from previous
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inequalities we deduce that dx ≈1 d(x, aj+1) �2 d(aj , aj+1) �2 d(y, aj+1) ≈1 dy ,
yielding dx �6 dy. To show that d(x, y) �7 dy , notice that if we consider the
(x, y,1)-admissible pair {Hi,Hk}, then d(x, y) �2 d(ak, y). Now, if Hk �= Hj , then
ak ∈ I ◦(y), and we conclude that d(x, y) �3 dy. On the other hand, if Hk = Hj , then
d(ak, y) �5 dy by Lemma 3.4, yielding d(x, y) �7 dy. This establishes the first part
of the lemma.

To establish the second assertion, assume that x is located in its leftmost hole Hi

(the case when x is located in its rightmost hole is analogous). First suppose that y

is also located in Hi , to the right of x (i.e., Hj = Hi ). We will show that this loca-
tion is (x, y,10)-admissible by using Lemma 3.8. Pick any element ak. If ak /∈ I ◦(x),
then ak /∈ I ◦(y), and Lemma 3.5 yields d(ak, ai+1) ≈2 d(ak, x) and d(ak, ai+1) ≈2
d(ak, y), therefore d(ak, x) ≈4 d(ak, y). If ak ∈ I ◦(x) \ I ◦(y), then d(ak, y) ≈2
d(ak, ai+1) by Lemma 3.5, and d(ak, x) �2 d(ak, ai+1) because Hi is x-admissible,
yielding d(ak, x) �4 d(ak, y). Finally, if ak ∈ I ◦(x) ∩ I ◦(y), then d(ak, x) ≈1 dx �6
dy ≈1 d(ak, y), whence d(ak, x) �8 d(ak, y). This establishes the first condition
of Lemma 3.8. It remains to show that d(x, y) �8 min{d(x, ai+1), d(y, ai)}. Since
d(x, ai+1) ≈1 dx ≈3 d(x, y), we conclude that d(x, ai+1) �4 d(x, y). On the other
hand, Lemma 3.4 yields d(ai, y) ≈2 d(ai, ai+1) �2 d(x, ai+1) ≈1 dx ≈3 d(x, y),
whence d(ai, y) �8 d(x, y). From Lemma 3.8 we infer that the location of x and
y in Hi is (x, y,10)-admissible.

Now suppose that x is located in Hi and y is located in the bounding hole Hk ,
which is different from Hi. To apply Lemma 3.7, we must show that

max{d(x, ak), d(y, ai+1)} �10 d(x, y) �10 min{d(x, ak+1), d(y, ai)}.
Since ak ∈ I ◦(x) and dx ≈3 d(x, y), we have d(x, ak) ≈1 dx ≈3 d(x, y), thus
d(x, ak) ≈4 d(x, y). If ai+1 /∈ I ◦(y), then ai+1 � y. Since the hole Hi is x-
admissible, there exists an ε-compatible order such that x ≺ ai+1 ≺ y, whence
d(x, y) �2 d(ai+1, y). On the other hand, if ai+1 ∈ I ◦(y), then d(y, ai+1) ≈1 dy �9
d(x, y), yielding d(x, y) �10 d(y, ai+1). To show that d(x, y) �10 d(y, ai), notice
that if ak ∈ I ◦(y), then d(y, ai) ≈2 d(ai, ak) by Lemma 3.5, and if ak /∈ I ◦(y), then
d(ai, y) �2 d(ai, ak) because ai � ak � y holds. Since Hi is x-admissible, the or-
der ai ≺ x ≺ ak is ε-compatible, thus d(ai, ak) �2 d(x, ak) ≈1 dx ≈3 d(x, y). Hence
d(y, ai) �8 d(x, y) in both cases. It remains to show that d(x, ak+1) �10 d(x, y). If
ak+1 ∈ I ◦(x), then d(x, ak+1) ≈1 dx ≈3 d(x, y), and we are done. Otherwise, since
ak+1 ∈ H(y) 	 H(x), ak+1 is the rightmost element of H(x). From Lemma 3.4 we
infer that d(x, ak+1) �5 dx ≈3 d(x, y), thus d(x, ak+1) �8 d(x, y). The conditions
of Lemma 3.7 are satisfied, whence Hi,Hk is (x, y,12)-admissible pair. �

Finally, consider the case H(x) = H(y). Then I ◦(x) = I ◦(y). If ak /∈ I ◦(x)

and al ∈ I ◦(x), then Lemma 3.5 implies that d(ak, x) ≈2 d(ak, al) and d(ak, y) ≈2
d(ak, al), thus d(ak, x) ≈4 d(ak, y). In the next three results, we will assume without
loss of generality that dx ≥ dy.

Lemma 3.17 If H(x) = H(y) and d(x, y) �3 max{dx, dy}, then any (x, y,1)-
admissible location of x and y is in common x- and y-admissible holes. On the other
hand, any location of x and y in a common bounding hole is (x, y,6)-admissible,
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subject to the constraint that if dy �4 dx , then y is located between x and the ele-
ments of I ◦(y) = I ◦(x).

Proof Suppose by way of contradiction that an x-admissible hole Hi and an y-
admissible hole Hj with i < j define a (x, y,1)-admissible location. Then dx >

d(x, y) + 3ε ≥ d(x, ai+1) + 3ε − 2ε ≥ dx because ai+1 ∈ I ◦(x), a contradiction.
Now, let x and y be both located in the leftmost hole Hi of H(x) = H(y). For any

ak /∈ I ◦(x) we know that d(ak, x) ≈4 d(ak, y). On the other hand, if ak ∈ I ◦(x), then
d(ak, x) ≈1 dx and d(ak, y) ≈1 dy. First, let y be located to the left of x. From the
second condition of the lemma we infer that dy �4 dx. Thus d(ak, y) �6 d(ak, x) in
this case. To use Lemma 3.8 we must show that d(x, y) �2 min{d(x, ai), d(y, ai+1)}.
Notice that d(y, ai+1) ≈1 dy �4 dx �3 d(x, y), whence d(y, ai+1) �2 d(x, y). On
the other hand, Lemma 3.4 yields d(x, ai) �5 dx �3 d(x, y), whence d(x, ai) �2
d(x, y). Now assume that x is located to the left of y. Then dx �4 dy , and the proof
is obtained by switching the roles of x and y. �

Lemma 3.18 If H(x) = H(y) and d(x, y) �3 max{dx, dy}, then the only (x, y,1)-
admissible locations are the two locations of x and y in different bounding holes of
H(x) = H(y).

Proof For any other location of x and y, one of these two elements, say y, necessarily
will be located between x and an element ak of I ◦(x) = I ◦(y). Then d(x, ak) �1
dx �3 d(x, y), contrary to our assumption that this location is (x, y,1)-admissible.
Now, if the location of x in the leftmost hole Hi and of y in the rightmost hole Hj of
H(x) is not (x, y,1)-admissible, then the unique (x, y,1)-admissible location is that
of x in [aj , aj+1] and of y in [ai, ai+1], therefore bx = aj � x and y � ai+1 = by

hold, contrary to the definition of ay and ax. �

Lemma 3.19 If H(x) = H(y) and d(x, y) ≈3 dx �6 dy , then any (x, y,1)-
admissible location is that of x in one of the bounding holes and of y in any
y-admissible hole, subject to the constraint that if x and y are located in the same
bounding hole, then y must be located between x and the elements of I ◦(x) = I ◦(y).

Vice versa, any such location of x and y in their bounding holes is (x, y,10)-
admissible.

Proof Consider a (x, y,1)-admissible location, such that x is located in an inner
hole Hk and suppose that y is located to the right of x. Then ak ∈ I ◦(x) = I ◦(y),
therefore dy ≥ d(ak, y) − ε ≥ d(x, y) − 3ε ≥ dx − 6ε > dy , a contradiction. Con-
versely, let x be located in the leftmost hole Hi of H(x) = H(y). First assume that
y is also located in Hi to the right of x. Then d(x, ai+1) ≈1 dx ≈3 d(x, y), whence
d(x, ai+1) �4 d(x, y). On the other hand, from Lemma 3.4 we infer that d(y, ai) ≈2
d(ai, ai+1) �2 d(x, ai+1) ≈1 dx ≈3 d(x, y), whence d(y, ai) �8 d(x, y). Since
d(ak, x) ≈4 d(ak, y) for any ak /∈ I ◦(x) and d(ak, x) ≈1 dx �6 dy ≈1 d(ak, y) for
any ak ∈ I ◦(x), Lemma 3.8 yields that this location is (x, y,10)-admissible. Now
assume that y is located in the rightmost hole Hj of H(x) = H(y). We know
already that d(y, ai) �8 d(x, y). Analogously, from Lemma 3.4 we deduce that



Algorithmica

d(x, aj+1) �5 dx ≈3 d(x, y), yielding d(x, aj+1) �8 d(x, y). It remains to show
that d(x, y) �8 max{d(x, aj ), d(y, ai+1)}. Since ai+1, aj ∈ I ◦(x) = I ◦(y), we have
d(x, aj ) ≈1 dx and d(y, ai+1) ≈1 dy. Now, since d(x, y) ≈3 dx �6 dy , we obtain the
required inequality. �

Lemma 3.20 If H(x) = H(y), d(x, y) ≈3 dx, dy , and then any location of x and y

in their bounding holes is (x, y,10)-admissible.

Proof The proof is analogous to the second part of the proof of Lemma 3.19. �

4 Distributing the Elements to Holes

In this section, we describe how, for each hole Hi = [ai, ai+1], to compute the set
Xi of the elements of X◦ which will be located in Hi. The set Xi consists of certain
elements x such that Hi is the leftmost or the rightmost hole of H(x). Additionally,
each set Xi will be partitioned into an ordered list of cells, and to each cell we perform
a recursive call of the algorithm.

For two vertices ai, aj (i < j) of the chain P , denote by Hij the union of all holes
comprised between ai and aj . Let Xij be the set of all x ∈ X◦ such that H(x) = Hij .

The sets Xij constitute a partition of X◦. In the next two subsections, we will describe
how to partition (if possible) the set Xij into two subsets X−

ij and X+
ij , so that all

elements of X−
ij will be located in the hole Hi and all elements of X+

ij will be located
in the hole Hj−1; see Fig. 1.

4.1 Linked and Separated Pairs

Two elements x, y ∈ Xij are called linked (notation x ∼ y) if in all (x, y,1)-
admissible locations x and y must be placed in the same hole and separated (no-
tation x|y) if in all (x, y,1)-admissible locations x and y must be placed in distinct
bounding holes. For two subsets A and B of Xij , we write A ∼ B if x ∼ y for all
x ∈ A,y ∈ B , and say that A and B are linked (instead of A ∼ A, we write ∼ A).
Analogously, we write A|B if x|y for all x ∈ A and y ∈ B , and say that A and B are
separated. Obviously, ∼ is an equivalence relation, while A|B implies that ∼ A and
∼ B. Notice that ∼ A,∼ B and x|y for some x ∈ A,y ∈ B imply A|B. Finally, A|B
and A′|B imply A ∼ A′.

In general, we can compute in polynomial time all linked and all separated pairs
of Xij . Therefore we can compute the equivalence classes of ∼. Hypothetically, on
these equivalence classes we can define a graph S ∗

ij , in which we draw an edge

Fig. 1 Bounding holes and the
partition of Xij into X−

ij

and X−
ij
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between two classes A,B if and only if A and B are located in different bound-
ing holes in any ε-compatible order. The graph S ∗

ij must be bipartite, otherwise no
ε-compatible order on Xij exist. If S ∗

ij is also connected, then (up to symmetry) we
have only one bipartition of Xij . However, if S ∗

ij is bipartite but contains several con-
nected components, then we have to decide which bipartition of Xij must be selected.
On the other hand, we cannot construct the graph S ∗

ij in polynomial time, therefore
we have to discover its edges (or at least a part of them) in an efficient way. To ad-
dress these questions, we will employ the quantitative conditions for two elements to
be linked or separated provided by Lemmata 3.17 and 3.18. Namely, let

Sij = {xy : x, y ∈ Xij and d(x, y) �3 max{dx, dy}},
Lij = {xy : x, y ∈ Xij and d(x, y) �3 max{dx, dy}}.

By Lemma 3.18 we have x|y for all xy ∈ Sij , and by Lemma 3.17, we have x ∼ y

for all xy ∈ Lij . Since ∼ is an equivalence relation, necessarily all vertices of the
same connected component of the graph Lij = (Xij ,Lij ) are linked, and therefore
all they must be located in the same in all ε-compatible orders. We call the connected
components of Lij blocks. We continue by investigating in which cases two blocks
of Lij are separated or linked.

Two elements x, y ∈ Xij are called strongly separated if d(x, y) �9 max{dx, dy}.
For two elements x, y ∈ Xij , set x 
 y if and only if one of the following two condi-
tions is satisfied:

(A1) dx �4 dy ;
(A2) dx �4 dy and there exists an element z ∈ Xij such that xz, yz /∈ Lij and

d(x, z) �16 d(y, z).

As we will show below in Lemma 4.2, the arc x 
 y prescribes the order between
the elements x and y in all ε-compatible orders in which x and y are not located in
different bounding holes Hi and Hj .

Lemma 4.1 If x, y, z ∈ Xij satisfy the condition (A2), then y and z are strongly
separated.

Proof Since xz, yz /∈ Lij , we have d(x, z) �3 max{dx, dz} and d(y, z) �3
max{dy, dz}. On the other hand, dx �4 dy. Putting these things together, we con-
clude that d(y, z) �16 d(x, z) �3 max{dx, dz} �4 max{dy, dz}. Thus d(y, z) �9
max{dy, dz}. �

Lemma 4.2 If x 
 y, then x ≺ y in all ε-compatible orders ≺ such that ai+1 ≺
{x, y} and y ≺ x in all ε-compatible orders ≺ such that {x, y} ≺ aj−1.

Proof Let ≺ be an ε-compatible order such that ai+1 ≺ {x, y}. First, assume that
dx �4 dy. Since ai+1 ∈ I ◦(x) ∩ I ◦(y), we have d(ai+1, x) ≈1 dx and d(ai+1, y) ≈1
dy , thus d(ai+1, x) �2 d(ai+1, y). Since ai+1 ≺ {x, y}, from Lemma 2.7 we infer
that x ≺ y. Otherwise, if dx �4 dy , then the arc x 
 y has type (A2), thus y|z
by Lemma 4.1. Since ai+1 ≺ y, this shows that z ≺ ai+1, whence z ≺ {x, y}. But
d(x, z) �16 d(y, z), therefore we must have z ≺ x ≺ y. �
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Now, on Xij we define a directed graph
−→Lij : we draw an arc x → y with tail x and

head y if and only if one of the following two conditions is satisfied:

(L1) x 
 y and x, y belong to a common block of Lij ;
(L2) d(x, y) �5 max{dx, dy}.
Obviously, if (L2) is satisfied, then xy ∈ Lij and y → x holds as well. We call the

strongly connected components of
−→Lij cells and we say that two (not necessarily

distinct) vertices x, y ∈ Xij are strongly linked if they belong to a common cell of
−→Lij .

The following lemma shows that the partition of Xij into cells refines the partition
into blocks.

Lemma 4.3 If x and y belong to a common cell of
−→Lij , then they belong to a common

block of Lij . In particular, every block of Lij is a disjoint union of cells of
−→Lij .

Proof Since x and y are strongly linked, there exists a directed path of
−→Lij running

from x to y. Pick any arc u → v on this path. If it has type (L2), then uv is an edge
of Lij . Otherwise, if u → v has type (L1), then, by definition, u and v belong to a
common block. Thus the extremities of all arcs u → v of any directed path between
x, y belong to a common block B of Lij . By transitivity, we conclude that x and y

also belong to B . �

Lemma 4.4 Let x, x′, y ∈ Xij . If x, x′ belong to a common cell of
−→Lij , but {x, x′}

and y belong to different blocks of Lij , then there does not exist an ε-compatible
order such that x ≺ y ≺ x′.

Proof Suppose by way of contradiction that x ≺ y ≺ x′ in some ε-compatible order

≺ on X. Since x and x′ belong to a common cell of
−→Lij , there exists a directed path

R connecting x to x′ in this graph. Since x ≺ y and y ≺ x′, the path R necessarily
contains an arc u → u′ such that u ≺ y and y ≺ u′. Since x, x′, u,u′ are strongly
linked, by Lemma 4.3 they belong to a common block of Lij . Therefore {u,u′} and
y belong to different blocks of Lij , thus we may assume without loss of generality
that x = u and x′ = u′, i.e., that x → x′.

First, assume that the arc x → x′ has type (L2), i.e., d(x, x′) �5 max{dx, dx′ }.
Since x ≺ y ≺ x′, we infer that d(x, x′) �2 max{d(x, y), d(x′, y)}, thus max{dx, dx′ }
�3 max{d(x, y), d(x′, y)}. Now, if dx ≤ dx′ , then max{dx′ , dy} ≥ max{dx′ , dx} �3
d(x′, y), therefore x′y ∈ Lij . Otherwise, if dx′ ≤ dx , we conclude in the same way
that xy ∈ Lij . In each case, we obtain that {x, x′} and y belong to the same block
of Lij , contrary to our assumption.

Now, assume that x → x′ has type (L1), i.e., x 
 x′ and x, x′ belong to a common

block of Lij . Since x and x′ belong to a common cell of
−→Lij , there exists a directed

path Q from x′ to x. Since y ≺ x′ and x ≺ y, while running along Q from x′ to x

we will necessarily meet an arc u → v such that y ≺ u and v ≺ y. Hence v ≺ u.

The elements x, x′, u, v are linked, thus they must be located in the same hole. Since
x 
 x′ and x ≺ x′, from Lemma 4.2 we infer that ai+1 ≺ {x, x′}. As u,v are located
in the same hole with x and x′, we deduce that ai+1 ≺ {u,v}. Since v ≺ u, Lemma 4.2
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shows that we cannot have u 
 v. Thus u → v has type (L2), and we can employ the
same proof as in the case when x → x′ satisfies (L2). �

Lemma 4.5 Let B ′,B ′′ be two distinct blocks of Lij . If there exist x, x′ ∈ B ′ and
y, y′ ∈ B ′′, such that the pairs xx′ and yy′ are strongly linked, x 
 y and y′ 
 x′,
then B ′|B ′′.

Proof Suppose by way of contradiction that there exists an ε-compatible order ≺
such that either ai+1 ≺ {x, x′, y, y′} or {x, x′, y, y′} ≺ aj−1 holds, say the first. Since
x 
 y and y′ 
 x′, Lemma 4.2 implies that x ≺ y and y′ ≺ x′. Therefore, if y ≺ x′,
then x ≺ y ≺ x′, otherwise, if x′ ≺ y, then y′ ≺ x′ ≺ y. Analogously, if y = y′, we
have x ≺ y ≺ x′, and if x = x′, we have y′ ≺ x′ ≺ y. In other words, either y is
located between x and x′ or x is located between y and y′, say the first. Since {x, x′}
and y belong to different blocks of Lij , by Lemma 4.4 there is no ε-compatible order
such that y is located between x and x′, contrary to our assumption. �

Lemma 4.6 Let C′,C′′ be two distinct cells of
−→Lij . If there exist x, x′ ∈ C′ and

y, y′ ∈ C′′ such that x 
 y and y′ 
 x′, then C′,C′′ belong to different blocks and
C′|C′′.

Proof By Lemma 4.3, x, x′ belongs to a common block B ′ and y, y′ belongs to a
common block B ′′. Therefore, if x and y belong to a common block, by transitivity
we conclude that B ′ = B ′′. Since x 
 y and y′ 
 x′, we deduce that they are arcs
of type (L1), thus x → y and y′ → x′ hold. This is impossible, because {x, x′} and
{y, y′} belong to distinct cells. Thus, B ′ �= B ′′. From Lemma 4.5 we infer that B ′|B ′′.
This shows that C′|C′′. �

Now, define a graph �ij whose vertices are the cells of
−→Lij and we draw an edge

between two cells C′ and C′′ if and only if at least one of the following two conditions
is satisfied:

(S1) there exist an element x belonging to the same block as C′ and an element y

belonging to the same block as C′′ such that xy ∈ Sij ;
(S2) there exist two elements x, x′ belonging to the same block as C′ and two ele-

ments y, y′ belonging to the same block as C′′ such that the pairs xx′ and yy′
are strongly linked, and x 
 y, y′ 
 x′.

According to Lemmata 3.18 and 4.6, in both cases (S1) and (S2) we have C′|C′′.
Analogously to the graph S ∗

ij , the graph �ij must be bipartite, otherwise no ε-
compatible order exist. Notice also, that all cells from the same block have one and
the same neighborhood in �ij . Now, we complete the bipartite graph �ij in the fol-
lowing way: for each connected component of �ij consider its canonical bipartition
(two vertices are in the same part if they can be connected by a path of even length)
{A′,A′′}, and draw an edge between any two cells, one from A′ and another from A′′.
Denote the obtained graph also by �ij (notice that every connected component of this
graph is a complete bipartite graph). Call the union of all cells from A′ (respectively,
from A′′) a cluster. The clusters K′ and K′′ of A′ and A′′ are called twins. From the
construction, we immediately obtain the following result:
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Lemma 4.7 All elements of a cluster K are linked and each pair of twin clusters K′
and K′′ is separated, i.e., we have ∼ K and K′|K′′.

A connected bipartite component {K′, K′′} of �ij is called a principal component
if there exist x ∈ K′ and y ∈ K′′ such that x and y are strongly separated.

Lemma 4.8 If two strongly separated pairs xy and x′y′ belong to different princi-
pal components of the bipartite graph �ij and d(x, y) ≥ d(x′, y′), then d(x, y) �4
d(x′, y′), dx �4 dx′ , dy′ , and dy �4 dx′ , dy′ . In particular, for any ε-compatible or-
der ≺, the elements x′, y′ are located between x and y.

Proof By Lemma 3.18, in any ε-compatible order ≺, the elements x and y as well as
x′ and y′ must be located in different bounding holes of Hij , say x, x′ in the leftmost
hole and y, y′ in the rightmost hole (i.e. {x, x′} ≺ {y, y′}). Up to symmetry, we dis-
tinguish two cases: x ≺ x′ ≺ y ≺ y′ and x ≺ x′ ≺ y′ ≺ y. If x ≺ x′ ≺ y ≺ y′, then we
assert that xy′ ∈ Sij . Indeed, d(x, y′) �2 max{d(x, y), d(x′, y′)} �9 max{dx, dy′ },
yielding x′y ∈ Sij . Since x and y′ are separated, we conclude that the elements
x, y′, x′, and y all belong to the same connected component of �ij , contrary to our
hypothesis.

Now, let x ≺ x′ ≺ y′ ≺ y. Notice that d(x, y′) �7 max{dy′ , dx′ }: indeed, since x′
is located between x and y′, we obtain d(x, y′) �2 d(x′, y′) �9 max{dx′ , dy′ }. Now,
if dx �4 dx′ or dx �4 dy′ , we deduce that d(x, y′) �3 dx , yielding that xy′ ∈ Sij .

Since this is impossible, we conclude that dx �4 max{dx′ , dy′ }. Analogously, we can
show that dy �4 max{dx′ , dy′ }. It remains to prove that d(x, y) �4 d(x′, y′). Indeed,
if d(x′, y′) �4 d(x, y), then we obtain d(x, y′) �2 d(x′, y′) �4 d(x, y) �9 dx , thus
d(x, y′) �3 dx. Since d(x, y′) �7 dy′ , we deduce that xy′ ∈ Sij . This contradiction
concludes the proof of the lemma. �

4.2 Partitioning Xij into X−
ij and X+

ij

We describe how to partition the set Xij into the subsets X−
ij and X+

ij which will be
located, respectively, in the bounding holes Hi and Hj−1 of Hij . For this, we define

(yet another!) directed graph
−→Gij whose vertices are the cells of the directed graph−→Lij , and there exists an arc C′ � C with tail C′ and head C if and only if at least one

of the following three conditions is satisfied:

(G1) C′ and C belong to twin clusters of the bipartite graph �ij ;
(G2) C′ and C are not connected by (G1)-arcs and there exist x ∈ C and x′ ∈ C′

such that dx′ �4 dx ;
(G3) C′ and C are not connected by (G1) and (G2)-arcs and there exist x ∈ C,

x′ ∈ C′, and z ∈ Xij such that xz, x′z /∈ Lij and d(x′, z) �16 d(x, z).

In other words, there is an arc C′ � C if and only if either these cells are separated in
�ij (in this case, we also have C � C′ and both C′ � C and C � C′ are (G1)-arcs)
or there exists x ∈ C and x′ ∈ C′ such that x′ 
 x. Notice that between two cells C′
and C′′ we can have at most one arc of type (G2) or (G3). Indeed, otherwise, if we
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have two such arcs C′ � C and C � C′, then (S2) implies that C and C′ belong to
twin clusters, thus these arcs have type (G1).

A cell which is a head of a (G3)-arc is called a (G3)-cell. A directed cycle C of
−→Gij

is called a (Gi)-cycle if all its arcs have type (Gi), i = 1,2,3. From the definition, we
immediately conclude that any (G1)-cycle has length 2. Conversely, from Lemma 4.6

we infer that all 2-cycles of
−→Gij consist of two edges of type (G1), thus the (G1)-cycles

are exactly the cycles of length 2. A mixed cycle is a directed cycle of
−→Gij containing

arcs of both types (G2) and (G3). Finally, an induced cycle is a directed cycle C such
that for two cells C,C′ ∈ C we have C′ � C if and only if C is the successor of C′
in C .

Our next goal is to establish that either no ε-compatible order exist or to show that

the set of cells can be partitioned into two subsets such that the subgraphs of
−→Gij in-

duced by these subsets do not contain directed cycles. Notice that the general problem
of deciding if the vertex-set of a directed graph can be partitioned into two subsets
which induce acyclic subgraphs is NP-complete (problem CUT INTO ACYCLIC
SUBGRAPHS from [42]). In our case, this can be done in polynomial time, using

the special structure of the graph
−→Gij .

Lemma 4.9 If C is a directed cycle of
−→Gij , then for any ε-compatible total order,

C has a cell located in the bounding hole Hi = [ai, ai+1] and a cell located in the
bonding hole Hj−1 = [aj−1, aj ].

Proof The assertion is obvious if C is a (G1)-cycle. So, suppose that all arcs of C have
type (G2) or (G3). Let C = (C1,C2, . . . ,Ck,C1). The definition of cells implies that
C contains two consecutive cells, say C1 and Ck , which belong to different blocks.
Suppose that there exists an ε-compatible order ≺ such that no element of

⋃k
l=1 Cl

is located in the hole Hj = [aj−1, aj ], i.e., ai+1 ≺ ⋃k
l=1 Cl . In each Cl pick two

elements xl, yl such that xl 
 yl+1. From Lemma 4.2 we infer that xl ≺ yl+1 for all
l = 1, . . . , k (all indices here are modulo k).

We divide the cells of C into groups: a group consists of all consecutive cells of
C belonging to one and the same block. The first group starts with C1, while the last
group ends with Ck. We assert that if {Cl−q, . . . ,Cl} and {Cl+1, . . . ,Cl+r} are two
consecutive groups of C , then Cl ≺ Cl+1 ∪ · · · ∪ Cl+r (all additions here are modulo
k). Indeed, pick u ∈ Cl and v ∈ Cl+1. Since {xl, u} and {yl+1, v} belong to different
blocks while each of these pairs belong to a common cell, applying Lemma 4.4 to
each of the triplets of the quadruplet xl, u, yl+1, v, we infer that in the total order
≺ none of yl+1, v is located between xl and u and none of xl, u is located between
yl+1 and v. Since xl ≺ yl+1, we conclude that {xl, u} ≺ {yl+1, v}, yielding Cl ≺ Cl+1.

Now, consider the cell Cl+2. The element yl+2 must be located to the right of xl+1,
therefore to the right of Cl. Since Cl+2 and Cl belong to different blocks, we can show
that Cl ≺ Cl+2 by using exactly the same reasoning as for the cells Cl and Cl+1.

Continuing this way, we obtain the required relationship Cl ≺ Cl+1 ∪ · · · ∪ Cl+r .

This establishes the assertion. Suppose that [1, i1], [i1 + 1, i2], . . . , [ir + 1, k] are the
indices of cells defining the beginning and the end of each group. From our assertion
we infer that Ck ≺ Ci1 ≺ Ci2 ≺ · · · ≺ Cir ≺ Ck , contrary that ≺ is a total order. �
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Lemma 4.10 If C and C′ are two (G3)-cells, then either C and C′ belong to the
same principal component of �ij or there is a (G2)-arc from C to C′ or from C′
to C.

Proof By definition of (G3)-arcs, there exist x ∈ C and x′ ∈ C′ which are heads of
two (A2)-arcs whose tails are outside C and C′, respectively. By Lemma 4.1, we can
find two elements z and z′ such that xz and x′z′ are strongly separated pairs. If xz

and x′z′ belong to distinct principal components of Lij and d(x, z) ≥ d(x′, z′), from
Lemma 4.8 we infer that dx �4 dx′ , dz′ , and dz �4 dx′ , dz′ . Therefore x′ and z′ are
connected by arcs of type (A1) with both x and z. In particular, this shows that there
is a (G2)-arc from C′ to C. �

Lemma 4.11 If C � C′ is a (G3)-arc and the cell C belongs to a principal compo-
nent of �ij , then C and C′ belong to the same cluster of this component. In particular,

either
−→Gij does not contain (G3)-cycles or no ε-compatible order exist.

Proof Suppose that xy is a strongly separated pair with x ∈ C. Since C � C′ is
a (G3)-arc, there exist y′ ∈ C and x′ ∈ C′ such that y′ 
 x′ is an (A2)-arc. By
Lemma 4.1, there exists z′ such that x′z′ is a strongly separated pair. If xz and x′y′
belong to different principal components of �ij , from Lemma 4.8 we infer that either
there exists a (G2)-arc from C′ to C or from C to C′. In the first case, C and C′ obey
the condition (S2), thus we cannot have a (G3)-arc from C to C′. Analogously, in the
second case, we deduce that we have at the same time a (G3)-arc and a (G2)-arc from
C to C′. Since this is impossible, C and C′ belong to a common principal component
and to the same cluster of this component.

Now, if
−→Gij contains a (G3)-cycle, then the first assertion implies that its cells

all belong to one and the same cluster, therefore they are linked, contrary to
Lemma 4.9. �

Lemma 4.12 The graph
−→Gij does not contain (G2)-cycles.

Proof Suppose by way of contradiction that C = (C1,C2, . . . ,Ck,C1) is a (G2)-cycle

of
−→Gij . In each cell Ci we can select two elements xi, yi such that dxi

�4 dyi+1 for all
i = 1, . . . , k (here and throughout this proof all indices are modulo k). On the other
hand, since there is no arc of type (G2) or (G3) running from Ci+1 to Ci , we obtain
that dyi

�4 dxi+1 for all i = 1, . . . , k. Putting all these 2k inequalities together, we
conclude that dxi

�4 dyi+1 �4 dxi+2 , yielding that dxi
< dxi+2 for i = 1, . . . , k. If k

is even, then dx1 < dx3 < · · · < dxk−1 < dx1 and if k is odd, then dx1 < dx3 < · · · <

dxk
< dx2 < dx4 < · · · < dxk−1 < dx1 , a contradiction. �

Lemma 4.13 Let C′
1 � C1 and C′

2 � C2 be two (G2)-arcs. If C′
1 �= C2, C′

2 �= C1
and neither C′

1,C2 nor C′
2,C1 do not define (G1)-cycles, then there exists either a

(G2)-arc from C′
1 to C2 or a (G2)-arc from C′

2 to C1. In particular, any induced cycle

C of
−→Gij contains exactly one or two (G2)-arcs, and if C contains two such arcs, then

they are consecutive.
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Proof Since C′
1 � C1 and C′

2 � C2 are (G2)-arcs, we can find the elements y1 ∈
C′

1, x1 ∈ C1, y2 ∈ C′
2, and x2 ∈ C2 such that dy1 �4 dx1 and dy2 �4 dx2 . Suppose

by way of contradiction that there do not exist (G2)-arcs neither between C′
1 and

C2, nor between C′
2 and C1. This implies that dx2 �4 dy1 and dx1 �4 dy2 , whence

dy1 �4 dx1 �4 dy2 �4 dx2 �4 dy1 , thus dy1 < dy1 , and we obtain a contradiction. This
establishes the first assertion. To prove the second assertion, let C be an induced cycle
containing two non-consecutive (G2)-arcs C′

1 � C1 and C′
2 � C2. Since C′

1 �= C2,
C′

2 �= C1, either C′
1,C2 or C′

2,C1 define a (G1)-cycle, or there exists a (G2)-arc from
C′

1 to C2 or a (G2)-arc from C′
2 to C1. In all cases we obtain a contradiction with the

assumption that the cycle C is induced. �

Lemma 4.14 Let C′ � C be a (G3)-arc, C � C′′ be a (G2)-arc, and suppose that
there is no (G2)-arc from C′ to C′′. Let x′ ∈ C′, x, y ∈ C,y′′ ∈ C′′, and z ∈ C be
the elements defining these arcs, i.e., satisfying x′z, xz /∈ Lij , dx′ �4 dx, d(x′, z) �16

d(x, z), and dy �4 dy′′ . Then the following holds for any ε-compatible order:

(i) if d(x, x′) �2 d(x, z), then C | C′ and the cells C,C′ belong to distinct twin
clusters of the same principal component of �ij ;

(ii) if d(x, x′) �2 d(x, z) and d(y′′, z) �2 d(x, z), then C ∼ C′′ and the cells C,C′′
belong to the same cluster of �ij ;

(iii) if d(x, x′) �2 d(x, z) and d(y′′, z) �2 d(x, z), then C | C′′.

In particular, if C,C′ do not belong to distinct twin clusters and C,C′′ do not belong
to the same cluster, then C | C′′.

Proof By Lemma 4.1 the elements x and z are strongly separated, thus C | C.

First, let d(x, x′) �2 d(x, z), i.e., d(x, x′) �14 d(x′, z). Since x′z /∈ Lij , we have
d(x′, z) �3 max{dx′ , dz}. Since dx′ �4 dx , we deduce that d(x, x′) �14 d(x′, z) �7

max{dx′ , dx}, whence d(x, x′) �7 max{dx′ , dx}. This shows that x | x′, yielding C |
C′. This settles case (i). Further suppose that d(x, x′) �2 d(x, z). Since d(x′, z) �16

d(x, z), in any ε-compatible order the cell C′ must be located between the cells C and
C. Now, additionally assume that d(y′′, z) �2 d(x, z). Then d(y′′, z) �14 d(x′, z).
Since there is no (G2)-arc from C′ to C′′, we have dx′ �4 dy′′ . On the other hand,
since x′z /∈ Lij , we have d(x′, z) �3 max{dx′ , dz}. Combining all these inequali-
ties, we deduce that d(y′′, z) �7 max{dy′′ , dz}, establishing that y′′ | z. This shows
that C′′ | C, thus C′′ ∼ C, establishing the assertion (ii). Finally, suppose that
d(y′′, z) �2 d(x, z). Since dy �4 dy′′ , if C′′ is located in the same bounding hole
as C or in an inner hole, then C′′ cannot be located between C and C. Thus C must
be located between C′′ and C, contrary to the assumption that d(y′′, z) �2 d(x, z).

This shows that C′′ must be located in the same bounding hole as C, i.e., C | C′′, thus
establishing (iii). �

Notice that in case (iii), the fact that C | C′′ does not necessarily mean that C

and C′′ belong to distinct twin clusters. It may happen that C and C′′ belong to
distinct components of the graph �ij . Lemma 4.14 can be viewed as a new separation
condition for cells.
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To complete the partition of cells into two subsets which induce acyclic subgraphs

of
−→Gij , it remains to deal with mixed cycles, in particular with induced mixed cycles.

Let C be an induced cycle. From Lemma 4.13 we infer that C contains either one
(G2)-arc (we call such a C a 1-cycle) or two consecutive (G2)-arcs (we call such a C
a 2-cycle), all remaining arcs of C being (G3)-arcs. By Lemma 4.11, the heads of all
(G3)-arcs of C are (G3)-cells of one and the same cluster K. In this case, we say that
the cycle C intersects the cluster K.

For each (G2)-arc C0 � C and for each cluster K, we will show how to detect if
there exists a 1-cycle or a 2-cycle C passing via C0 � C and intersecting K. First, we
consider the case of 1-cycles. Then necessarily C0 must be a (G3)-cell of K. Notice
that a required induced cycle, if it exists, cannot contain cells C′ such that C0 � C′
is an arc of type (G2) or (G3). Therefore, we can remove all such cells of K from our
consideration. Analogously, we should remove all cells C′ such that C′ � C is an
arc. Now, in the subgraph induced by the remaining cells of K we search for a shortest
directed path Q = C � C1 � C2 � · · · � Ck � C0 subject to the constraint that
the first arc C � C1 and the last arc Ck � C0 of this path are (G3)-arcs. This can be
done in polynomial time by testing all possible choices for C1 and Ck and applying
for each such pair a shortest path finding algorithm in an acyclic graph. If such a
path Q does not exist, then no required induced cycle C exist. Otherwise, we claim
that the arcs of the path Q together with the arc C0 � C define an induced cycle
C having exactly one (G2)-arc. Indeed, if Ci � Cj is an arc of type (G2) or (G3)
and |i − j | ≥ 2, since the subgraph induced by K is acyclic, we must have i < j.

But this contradicts the minimality of the path Q. So, the resulting cycle is indeed
induced. It remains to notice that C does not contain other (G2)-arcs, because by
Lemma 4.13 in an induced cycle the (G2)-arcs are consecutive. Analogously, we can
decide efficiently if there exists a 2-cycle passing via C0 � C, intersecting K, and
having a second (G2)-arc C � C′

0. For this we must remove the cells C′ which are
tails or heads of arcs running between C and C′, the cells which are heads of arcs with
tails C0, and the cells which are tails of arcs with head C′

0. In the subgraph induced
by the remaining cells of K, we search a shortest directed path Q from C′

0 to C0
starting and finishing with arc of type (G3). The remaining part of analysis is similar.
Finally, in the same way we can decide efficiently if there exists a (G2)-cycle passing
via C0 � C, intersecting K, and having a second (G2)-arc C′

0 � C0. Therefore, we
have proven the following result:

Lemma 4.15 For a (G2)-arc C0 � C and a cluster K, one can decide in polynomial
time if there exists an induced 1- or 2-cycle C passing via C′ � C and intersecting K.

For a cell C, let �1(C) denote the set of (G2)-arcs C0 � C which belong to
a 1-cycle intersecting a cluster K not containing C. Let �2(C) denote the set of
(G2)-arcs C0 � C which belong to a 2-cycle C intersecting a cluster K not containing
C and passing via C0 � C in such a way that the arc of C entering C0 is a (G3)-arc.
Notice that in both cases, C0 belongs to the cluster K because C0 is a head of a
(G3)-arc of C , and all such heads belong to K. Finally, denote by �3(C) the set of
(G2)-arcs C � C0 which belong to a 2-cycle C intersecting a cluster K, such that
C belongs to K and the arc of C entering C has type (G2). Figure 2 illustrates this
classification.
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Fig. 2 The classification of the arcs incident to a cell C

For each cell C of
−→Gij we introduce a binary variable xC. This set of variables xC

satisfies the following conditions:

(F1) xC′ = xC′′ , if the cells C′,C′′ belongs to the same cluster;
(F2) xC′ �= xC′′ , if the cells C′,C′′ belong to distinct clusters of the same component;
(F3) xC �= xC0 , if the arc C0 � C belongs to �1(C) ∪ �2(C);
(F4) xC �= xC0 , if the arc C � C0 belongs to �3(C).

Now, we can define a 2-SAT formula �ij by replacing every constraint of the form
a = b by two clauses (a ∨ b̄) and (ā ∨ b) and every constraint of the form a �= b by
two clauses (a ∨ b) and (ā ∨ b̄) (�ij can be solved in linear time of its length using
the well known algorithm of [4]).

Proposition 4.16 If the 2-SAT formula �ij admits a satisfying assignment A, then
the sets X−

ij = {C : A(xC) = 0} and X+
ij = {C : A(xC) = 1} define a partition of cells

of
−→Gij into two acyclic subgraphs. Conversely, given an ε-compatible order on X, the

assignment A defined by setting A(xC) = 0 if C is located in the hole Hi , A(xC) = 1
if C is located in the hole Hj−1, and A(xC′) = A(xC′′) ∈ {0,1} if C′ and C′′ are
located in a common inner hole, is a true assignment for �ij . In particular, if �ij is
not satisfiable, then no ε-compatible order exist.

Proof First suppose that A is a true assignment of �ij and the partition X−
ij ,X

+
ij of

Xij is defined as above. Denote by
−→
G−

ij and
−→
G+

ij the subgraphs induced by the sets X−
ij

and X+
ij . Condition (F1) forces that every cluster will be included in the same set.

Condition (F2) implies that any pair of twin clusters will be separated. Hence
−→
G−

ij and
−→
G+

ij do not contain (G1)-cycles: if C and C′ are the two cells of a (G1)-cycle, then
the constraint (xC ∨xC′)∧ (x̄C ∨ x̄C′) yields A(xC) �= A(xC′). From Lemma 4.12 we

know that
−→Gij does not contain (G2)-cycles. Since the cells of every (G3)-cycle are

all contained in the same cluster and we know that each cluster induces an acyclic

subgraph, we conclude that
−→
G−

ij and
−→
G+

ij do not contain (G3)-cycles as well. It re-

main to deal with mixed cycles. Suppose by way of contradiction that
−→
G+

ij contains
a mixed cycle. Then it also contains an induced mixed cycle C. From Lemma 4.13
we infer that C contains either exactly one (G2)-arc C0 � C or exactly two con-
secutive (G2)-arcs C0 � C � C′′. In the first case, we conclude that C0 � C be-
longs to �1(C), thus according to (F3) we must have xC �= xC0 , contrary to the fact
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that A(xC) = A(xC′) = 1. Analogously, in the second case, we deduce that either
xC �= xC0 and the arc C0 � C belongs to �2(C) or xC = xC0 and the arc C � C′′
belongs to �3(C), whence xC �= xC′′ . But then we obtain a contradiction with the as-
sumption that A(xC0) = A(xC) = A(xC′′) = 1. This contradiction establishes that the

subgraphs
−→
G−

ij and
−→
G+

ij obtained from the true assignment A of �ij are both acyclic.
Conversely, suppose that A is an assignment obtained from an ε-compatible order

as defined in the proposition. We assert that A is a true assignment for �ij , i.e., it
satisfies the constraints (F1)–(F4). This is obviously true for constraints of type (F1)
and (F2), because if two cells C′,C′′ belong to the same cluster, then they will be
located in the same hole and we must have A(xC′) = A(xC′′). If two cells C′ and
C′′ belong to distinct twin clusters, then they must be separated, therefore the unique
ε-admissible location of C′ and C′′ will be in different bounding holes, thus we will
have A(xC′) �= A(xC′′).

Now, pick an arc C0 � C which belongs to �1(C) ∪ �2(C). If C0 � C belongs
to �1(C), then there exists a 1-cycle C passing via C0 � C and intersecting some
cluster K. Since all cells of C , except C, are heads of (G3)-arcs, they all belong
to K, i.e. they all have the same value in the assignment. Thus, by Lemma 4.9, C

must be separated from C0 (namely C and C′ must be located in different bounding
holes), showing that A(xC) �= A(xC0). If the arc C0 � C belongs to �2(C), then
let C be a 2-cycle passing via C0 � C and intersecting the cluster K not containing
C. Additionally, we know that the arc C′ � C0 of C entering C0 is a (G3)-arc, thus
C0 belongs to K. Since C′ cannot belong to the twin cluster of K (this contradicts
that C′ � C0 is a (G3)-arc) and since C does not belong to K, from Lemma 4.14
we infer that the cells C0 and C must be separated, thus A(xC) �= A(xC0). Finally,
suppose that C � C0 belongs to �3(C). Then there exists a 2-cycle C passing via
C � C0 and intersecting the cluster K, such that C belongs to K and the arc of C
entering C has type (G2). Since all cells of C except C and C0 are heads of (G3)-arcs,
they all belong to the cluster K. Since C also belongs to this cluster, by Lemma 4.9,
C0 must be separated from the remaining cells of C , yielding xC �= xC0 . Hence the
assignment A satisfies all constraints (F1)–(F4). This shows, in particular, that if �ij

is not satisfiable, then no ε-compatible order exists. �

4.3 Sorting the Cells of X−
ij and X+

ij

Let X−
ij and X+

ij be the partition of Xij obtained from the true assignment of the

2-SAT formula �ij . Let
−→
G−

ij and
−→
G+

ij be the subgraphs of the graph
−→Gij induced by

X−
ij and X+

ij . We will locate all cells of X−
ij in the bounding hole Hi = [ai, ai+1] and

all cells of X+
ij in the bounding hole Hj−1 = [aj−1, aj ] of Hij . The elements from

two different cells C′,C′′ located in the same hole will not be mixed, i.e. either all
elements of C′ will be placed to the right of all elements of C′′, or vice versa, all
elements of C′′ will be placed to the left of all elements of C′. To specify this relative

order of the cells of X−
ij and X+

ij , we use the fact that both directed graphs
−→
G−

ij and
−→
G+

ij

are acyclic, therefore each of them admits a topological order of its cells (recall that
a total order on vertices of a directed graph is called a topological order if the tail of
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any arc is to the left of its head). We find a topological order Cj1 ≺ Cj2 ≺ · · · ≺ Cjp

on the cells of X+
ij and we find a dual topological order Ciq ≺ Ciq−1 ≺ · · · ≺ Ci1 on

the cells of X−
ij . Then we locate the cells of X+

ij in Hj−1 and the cells of X−
ij in Hi

following these two orders. As a result we obtain the following total order on the
elements ai, ai+1, aj−1, aj of the path P and the cells of Xij :

ai ≺ Ciq ≺ Ciq−1 ≺ · · · ≺ Ci1 ≺ ai+1 ≺ · · · ≺ aj−1 ≺ Cj1 ≺ Cj2 ≺ · · · ≺ Cjp ≺ aj .

The following two results relay the topological orders on the cells of X−
ij and X+

ij

with the order on distances between elements from such cells.

Lemma 4.17 Let C′,C′′ be two distinct cells of X+
ij . If C′ ≺ C′′ in the topological

order, then for any y ∈ C′, z ∈ C′′ and x ∈ X−
ij , we have dy �4 dz and d(x, y) �16

d(x, z).

Proof Since C′,C′′ belong to the same set X+
ij , C′ and C′′ are not connected by

(G1)-arcs. Since C′ ≺ C′′ in the topological order on X+
ij , we cannot have an arc

from C′′ to C′. In particular, since C′′ � C′ is not a (G2)-arc, we must have dz �4 dy.

Analogously, since C′′ � C′ is not a (G3)-arc, we deduce that d(x, y) �16 d(x, z). �

Notice that an analogous property holds for any two elements y, z of two different
cells C′,C′′ of X−

ij such that C′ ≺ C′′ and any element x of X+
ij .

Lemma 4.18 Let C,C′,C′′ be three distinct cells of the graph
−→Gij . If the algorithm

returns the total order ≺ and C ≺ C′ ≺ C′′, then for any elements x ∈ C,y ∈ C′,
z ∈ C′′ we have d(x, z) �16 max{d(x, y), d(y, z)}.

Proof Up to symmetry, we have two cases: (1) C belongs to X−
ij and C′,C′′ belong

to X+
ij and (2) all three cells C,C′, and C′′ belong to X+

ij . Consider the case (1).
Lemma 4.17 yields d(x, y) �16 d(x, z). Suppose by way of contradiction that
d(y, z) �16 d(x, z). If yz ∈ Lij , then d(y, z) �3 max{dy, dz}, i.e. d(x, z) �13 dz.

Thus d(x, z) �3 dz, i.e., xz ∈ Lij . This shows that x and z belong to the same cluster,
and the algorithm should locate them in the same hole, contrary to x ∈ C ⊆ X−

ij and

z ∈ C′′ ⊆ X+
ij . Thus yz /∈ Lij , i.e., d(y, z) �3 max{dy, dz}. Since C′ and C′′ belong to

X+
ij and C′ ≺ C′′, we cannot have an arc from C′′ to C′, in particular a (G2)-arc. Thus

dy �4 dz. From these inequalities we conclude that d(y, z) �9 max{dy, dz}, thus C′
and C′′ must be separated, which is not the case because C′ and C′′ belong to X+

ij .

Now consider the case when the cells C,C′ and C′′ belong to X+
ij . Then

d(x, y) �3 max{dx, dy}, d(y, z) �3 max{dy, dz}, and d(x, z) �3 max{dx, dz}, oth-
erwise one of these pairs will belong to Sij . Since C �= C′′, the elements x and z

are not strongly linked, therefore we also have d(x, z) �5 max{dx, dz}. By construc-
tion, the order x ≺ y ≺ z follows the topological order on the cells C,C′, and C′′
of X+

ij . Since we do not have arcs from C′′ to C,C′ and from C′ to C, we de-
duce that dy �4 dz, dx �4 dz, and dx �4 dy. From previous inequalities we obtain
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d(x, y) �3 max{dx, dy} �4 max{dx, dz} �5 d(x, z) and d(y, z) �3 max{dy, dz} �4
max{dx, dz} �5 d(x, z). Hence max{d(x, y), d(y, z)} �12 d(x, z). �

After fixing the relative position of each cell C of Xij , we make a recursive call to
C. For this, we update the canonical order � in the following way: if C is located in
X+

ij , then we set x �+ y if x 
 y, otherwise, if C is located in X−
ij , then set x �− y

if y 
 x. Obviously �+ and �− are dual, therefore if we will apply to each of them
the rules (PO1)–(PO6), then we will obtain two dual partial orders, which also will
be denoted by �+ and �−.

Lemma 4.19 Let C be a cell and let ≺ be a ε-compatible total order on X. Then the
restriction of ≺ to C is an extension of one of the partial orders �+ or �−.

Proof We know that all elements of C will be placed in the same hole, i.e., either we
have ai+1 ≺ C or we have C ≺ aj . If ai+1 ≺ C, then according to Lemma 4.2 we will
have x ≺ y for all x, y ∈ C such that x 
 y. Since the properties (PO1)–(PO6) hold
for all ε-compatible orders, we conclude that the total order ≺ is a linear extension of
�+. The case C ≺ aj is completely analogous: then ≺ is a linear extension of �−. �

The recursive call to a cell C, either return the answer “not”, in which case, no
ε-compatible order exist, or it return a total order on C, which is 16ε-compatible

by virtue of induction hypothesis. The total order between the cells of
−→Gij described

above and the total orders on cells are concatenated to give a single total order ≺ on
the set Xij .

Lemma 4.20 Let C,C′ be two distinct cells of the graph
−→Gij . If the algorithm returns

the total order ≺, then for any three elements x, y, z ∈ C ∪ C′ such that x ≺ y ≺ z,
we have d(x, z) �16 max{d(x, y), d(y, z)}.

Proof Up to symmetry, we have two cases: (1) C belongs to X−
ij and C′ belongs to

X+
ij and (2) the cells C and C′ belong to X+

ij . The analysis of case (2) is similar to
that of case (2) of Lemma 4.18. Now, consider the case (1). Suppose without loss
of generality that x ∈ C and y, z ∈ C′. Since C and C′ are separated, they belong
to different blocks, thus xy, xz /∈ Lij . Since y ≺ z and both y, z belong to a cell of
X+

ij , we cannot have an arc z 
 y. Thus dy �4 dz. Also d(x, y) �16 d(x, z), because
xy, xz /∈ Lij . Now, suppose by way of contradiction that d(y, z) �16 d(x, z). Since
y and z belong to the same cell, we have yz ∈ Lij . Then d(y, z) �3 max{dy, dz},
thus d(x, z) �13 dz, establishing that xz ∈ Lij . This shows that x and z belong to the
same cluster, whence the algorithm should locate them in the same hole, contrary to
x ∈ C ⊆ X−

ij and z ∈ C′ ⊆ X+
ij . �

4.4 Defining the Total Order on Xi

Recall that Xi denote the set of all elements of X◦ located in the hole Hi. According
to our algorithm, Xi is the disjoint union of all sets X−

ij (j > i + 1) and of all sets
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Fig. 3 Relative location of the
cells of X+

k(i+1)
,X−

ij ′ , and X−
ij

(k < i, j ′ < j) in the hole Hi

X+
j ′(i+1)

(j ′ < i), where some of these sets may be empty. In previous subsection, we

defined a total order between the cells of each of the sets X−
ij ,X

+
j ′(i+1)

, and applying

recursion we defined a total order on the elements of each cell. To obtain a total
order on the whole set Xi it remains to define a total order between the sets X−

ij

(j > i +1) and X+
j ′(i+1)

(j ′ < i) and to extend it accordingly. First, we locate each set

X+
j ′(i+1)

(j ′ < i) to the left of each set X−
ij (j > i). Given two sets X+

j ′(i+1)
,X+

j ′′(i+1)

(j ′, j ′′ < i), we locate X+
j ′(i+1)

to the left of X+
j ′′(i+1)

if and only if j ′′ < j ′, i.e., iff

Hj ′(i+1) 	 Hj ′′(i+1). Analogously, given two sets X−
ij ,X

−
ij ′ (j, j ′ > i + 1), we locate

X−
ij ′ to the right of X−

ij if and only if j ′ < j , i.e., iff Hij ′ 	 Hij . This location is
justified by the Proposition 3.6 and is illustrated in Fig. 3.

5 The Algorithm

We have collected all necessary tools to describe the algorithm. It consists of three
procedures l∞-Fitting_by_Robinson, Refine, and Partition_and_Sort. The main pro-
cedure l∞-Fitting_by_Robinson constructs the list � of feasible values for the optimal
error ε∗. This list is sorted and its values are considered in a binary search fashion.
The algorithm returns the smallest value ε ∈ � occurring in this search for which
a 16ε-compatible total order on X exists (i.e., the smallest ε for which the answer
“not” is not returned). To decide, if for a given ε such an order exists, the proce-
dure Refine(X,�, ε) constructs (and/or updates) the canonical partial order � and
computes a maximal chain P = a1 � a2 � · · · � ap of (X,�). For each element
x ∈ X◦ := X \P , this procedure computes the set AH(x) of all x-holes which partic-
ipate in (x, y,1)-admissible locations for all y ∈ X◦ and defines the segment H(x).
For each pair i < j − 1, Refine constructs the set Xij and makes a call of the proce-
dure Partition_and_Sort(Xij ), which returns the bipartition {X−

ij ,X
+
ij } of Xij and two

total orders �−
ij and �+

ij on the cells of X−
ij and X+

ij , respectively. Then Refine con-
catenates in a single total order on cells the total orders on cells coming from different
sets assigned to the same hole. After this, Refine is recursively applied to each cell

occurring in some graph
−→Gij . The returned total orders on cells are concatenated into

a single total order ≺ on X according to the total orders between cells and between
holes. The resulting total order is returned by the algorithm l∞-Fitting_by_Robinson.

The procedure Partition_and_Sort constructs the graphs Lij and
−→Lij . Using these

graphs, the partition of Xij into blocks and cells is derived. Further, the graph �ij and

its clusters are constructed. Using the cells, the directed graph
−→Gij is constructed. If
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Algorithm l∞-Fitting_by_Robinson
Input: Finite set X and dissimilarity d on X

Output: The smallest ε such that d is 16ε-Robinson and an 16ε-compatible order ≺ on X

1. Construct the list � = {| d(x,y)−d(x′,y′)
2 | : x, y, x′, y′ ∈ X} and sort it

2. for each ε occurring in a binary search of the sorted list �

3. do Refine(X,�, ε)

4. return d̃≺ and the total order ≺ for least tested ε for which Refine(X,�, ε) �= “not”

Refine(X,�, ε)

Input: A set X, ε ∈ � and the canonical partial order �
Output: The answer “not” or a 16ε-compatible total order ≺ on X

1. if � is empty
2. then set p � q for two arbitrary elements p,q ∈ X

3. Update the betweenness set B and the canonical partial order � using the
rules (B1)–(B4) and (PO1)–(PO6)

4. if � is not a partial order
5. then return “not”
6. Find a maximal chain P = a1 � a2 � · · · � ap of (X,�)

7. for all x ∈ X◦ := X \ P

8. do compute AH(x)

9. if AH(x) consists of a single hole Hi = [ai , ai+1]
10. then set ai � x � ai+1,P := P ∪ {x} and repeat steps 3–10
11. for all i, j such that 1 ≤ i < j − 1 ≤ p − 1
12. do set Xij = {x ∈ X \ P : ai � x � aj , x?ai+1 and x?aj−1}
13. if Partition_and_Sort(Xij ) = “not”
14. then return “not”
15. else set {X−

ij
,X+

ij
,�−

ij
,�+

ij
} ⇐ Partition_and_Sort(Xij )

16. for i = 1 . . . p − 1
17. do define on Xi the total order

X+
1(i+1)

≺ X+
2(i+1)

≺ · · · ≺ X+
(i−1)(i+1)

≺ X−
ip

≺ · · · ≺ X−
i(i+2)

(1)

18. for all i = 1 . . . p, j = 1 . . . p and for each cell C of X+
ij

and for each cell C′ of X−
ij

19. do if Refine(C,�+
ij

, ε) = “not” or Refine(C′,�−
ij

, ε) = “not”
20. then return “not”
21. else return the total order ≺ on X which on each cell C ∈ X+

ij
coincides with

Refine(C,�+
ij

), on each cell C′ ∈ X−
ij

coincides with Refine(C′,�−
ij

), on each set

X−
ij

coincides with (2), on each set X+
ij

coincides with (3), and on each set
Xi coincides with (1)

�ij is not bipartite or
−→Gij contains (G3)-cycles, the procedure Partition_and_Sort re-

turns the answer “not”. Otherwise, for each cell C and each cluster K, it tests if there
exists a 1-cycle and/or a 2-cycle passing via C and intersecting K. Consequently, for
each cell C, the lists �1(C),�2(C), and �3(C) of (G2)-arcs are computed. These
lists are employed to construct the 2-SAT formula �ij , which is solved by the al-
gorithm of [4]. If �ij admits a true assignment A, then X−

ij = {C : A(xC) = 0} and

X+
ij = {C : A(xC) = 1} define a bipartition of Xij into two acyclic subgraphs

−→
G−

ij ,
−→
G+

ij

of
−→Gij . Then Partition_and_Sort locates the cells from X+

ij in the bounding hole Hj−1
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Partition_and_Sort(Xij )

Input: A set Xij = {x : H(x) = [ai , aj ]}
Output: A bipartition {X−

ij
,X+

ij
} of Xij and two total orders �−

ij
and �+

ij
on the cells of X−

ij

and X+
ij

, respectively

1. Construct the graphs Lij ,
−→Lij , and �ij using the rules (L1)–(L2) and (S1)–(S2)

2. if �ij is not bipartite
3. then return “not”

4. Construct the cells of
−→Lij and the clusters of �ij

5. Construct the directed graph
−→Gij using the rules (G1)–(G3)

6. if
−→Gij contains a directed (G3)-cycle

7. then return “not”
8. For each cell C construct the lists �1(C),�2(C), and �3(C) of (G2)-arcs
9. Construct the 2-SAT formula �ij using the rules (F1)–(F3)
10. if �ij is not satisfiable
11. then return “not”
12. else if A is a true assignment of �ij

13. Set X−
ij

= {C : A(xC) = 0},X+
ij

= {C : A(xC) = 1}
14. Find a topological order Cj1 ≺ Cj2 ≺ · · · ≺ Cjp on the cells of X+

ij

15. Find a dual topological order Ciq ≺ Ciq−1 ≺ · · · ≺ Ci1 on the cells of X−
ij

16. Set ai ≺ Ciq ≺ Ciq−1 ≺ · · · ≺ Ci1 ≺ ai+1 (2)
17. Set aj−1 ≺ Cj1 ≺ Cj2 ≺ · · · ≺ Cjp ≺ aj (3)

18. For each cell C of X+
ij

and all x, y ∈ C such that x 
 y set x �+
ij

y, and update �+
ij

using the rules (PO1)–(PO6)
19. For each cell C of X−

ij
and all x, y ∈ C such that x 
 y set y �−

ij
x, and update �−

ij

using the rules (PO1)–(PO6)
20. return X+

ij
,X−

ij
and �−

ij
,�+

ij

according to the topological order of the acyclic graph
−→
G+

ij . Analogously, it locates
the cells from X−

ij according to the dual topological order of the acyclic graph
−→
G−

ij .
Note that if at some stage one of the procedures Refine or Partition_and_Sort returns
the answer “not”, then there does not exist any ε-compatible total order on X and the
current value of ε is too small.

It can be easily shown that the algorithm is polynomial. Indeed, the construction
of the list �, of the canonical partial order �, and of the sets AH(x), x ∈ X◦ can be
done in O(n4) time each (recall that n = |X|). Let nij = |Xij |. The graph Lij is con-
structible in O(n2

ij ) time and its blocks can be derived within the same time bounds.
Implementing the conditions (A1)–(A2) and (L1)–(L2) in the most direct way, the

second graph
−→Lij can be constructed in O(n3

ij ) time. Since the cells are the strongly

connected components of
−→Lij , they can be computed in O(n2

ij ) time. The graph �ij

can be constructed in time proportional to the square of the number of blocks (see the

conditions (S1)–(S2)), i.e., in O(n2
ij ) time. Finally, the graph

−→Gij can be constructed

in O(n3
ij ) time because of condition (G3) (the conditions (G1) and (G2) can be imple-

mented in O(n2
ij ) time). That

−→Gij does not contain directed (G3)-cycles can be tested
in linear time in the size of this graph. Since the clusters define a partition of Xij and
finding a shortest path between two vertices in an acyclic graph can be done in linear
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time in the size of the graph, for a cell C, we can compute the lists �1(C),�2(C),
and �3(C) in total O(n4

ij ) time. Consequently, the 2-SAT formula �ij can be con-

structed in O(n5
ij ) time and its length is O(n2

ij ). A topological ordering of an acyclic
graph can be found in linear time in the number of arcs. We conclude that the com-
plexity of the procedure Partition_and_Sort on set Xij is O(n5

ij ). Since the sets Xij

define a partition of the set X◦, we have
∑

i<j nij < n, thus the overall complexity

of Partition_and_Sort on all sets of this partition is O(n5). Now, taking into account
the recursive calls to the cells and the fact that the cells also define a partition of X◦,
we conclude that the complexity of the procedures Refine and Partition_and_Sort for
a given ε is O(n6) (we skipped the analysis of several easy low-complexity steps of
both procedures). Now, if we run a binary search on the list � of O(n4) possible
values of ε, we deduce that the complexity of the algorithm l∞-Fitting_by_Robinson
is O(n6 logn).

6 Performance Guarantee

We will establish here that the algorithm described above is a constant factor approx-
imation algorithm for the problem l∞-FITTING-BY-ROBINSON.

Theorem 6.1 For a given ε ∈ �, if the algorithm returns the answer “not”, then
the dissimilarity d is not ε-Robinson, else if the algorithm returns a total order ≺
on X, then ≺ is 16ε-compatible with d . In particular, the algorithm is a factor 16
approximation algorithm for the problem l∞-FITTING-BY-ROBINSON.

Proof First we investigate the cases when the algorithm returns the answer “not”.
We will show that in all such cases, no ε-admissible order exist. This conclusion
holds if some separability graph �ij is not bipartite, because for any location of Xij

in the holes of Hij , two adjacent in �ij cells will be placed in the same bounding

hole. If some directed graph
−→Gij contain a (G3)-cycle, then the negative answer is

justified by Lemma 4.11. Analogously, if some 2-SAT formula �ij is not satisfi-
able, then the answer “not” is confirmed by Proposition 4.16. If the canonical order
� on X constructed by the procedure Refine is not a partial order, then clearly no
ε-compatible order exist because any such total order is an extension of �. Finally,
suppose that the answer “not” is returned at the recursive call of the algorithm to a
cell C and to one of the partial orders �+ or �−, say the first. By the induction as-
sumption, no ε-compatible total order on C extending �+ (and therefore its dual �−)
exist. But then, from Lemma 4.19 we infer that no ε-compatible order on X exist as
well.

Now suppose that the algorithm returns a total order ≺. Suppose by induction
assumption that ≺ is 16ε-compatible on each cell to which we perform a recursive
call. On the chain P , the total order ≺ coincides with �, therefore ≺ is ε-compatible
on P. Moreover, ≺ is ε-compatible on P ∪{x} for any x ∈ X◦, because every element
x is located in a bounding hole of H(x) which is x-admissible. Finally notice that ≺ is
12ε-compatible on P ∪ {x, y} for any x, y ∈ X◦ because by the results of Sect. 3 any
bounding hole of H(x) and any bounding hole of H(y) define a (x, y,12)-admissible
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pair (see Proposition 3.6). In order to establish that ≺ is 16ε-compatible on the whole
set X, by Lemma 2.2 it suffices to show that d(x, z) �16 max{d(x, y), d(y, z)} for
any three elements x, y, z ∈ X such that x ≺ y ≺ z. From previous discussion we
conclude that it suffices to suppose that x, y, z ∈ X◦. We continue with several easy
but helpful properties.

Claim 1: If x, y � z and x?y or x � y, then d(x, z) �2 max{d(x, y), d(y, z)}. If
y � x � z and (I ◦(x) ∩ I ◦(y)) \ I ◦(z) �= ∅, then d(x, y) �6 max{d(x, y), d(y, z)}.

Proof of Claim 1 Indeed, if x � y � z, then d(x, z) �2 max{d(x, y), d(y, z)} be-
cause the partial order � is ε-compatible. On the other hand, if x?y, then from
Lemma 2.7 we infer that d(x, z) ≈2 d(y, z) and d(x, y) �2 min{d(x, z), d(y, z)},
and we are done. Finally, if a ∈ (I ◦(x)∩ I ◦(y)) \ I ◦(z), then we have x, y, a � z and
x?a, y?a. Again, from Lemma 2.7 we infer that d(x, z) ≈2 d(a, z) and d(y, z) ≈2
d(a, z), i.e., d(x, z) ≈4 d(y, z). On the other hand, since y � x � z, we deduce that
d(y, z) �2 d(x, y), thus d(x, z) �4 d(y, z), yielding d(x, z) �6 d(x, y). This estab-
lishes Claim 1.

Claim 2: If d(x, z) �c max{dx, dz}, H(y) ◦ H(x) and H(y) ◦ H(z), then we have
d(x, z) �(c+3) max{d(x, y), d(y, z)}. In particular, if the elements x and z are not
linked, then d(x, z) �10 max{d(x, y), d(y, z)}.

Proof of Claim 2 Since H(y) ◦ H(x) and H(y) ◦ H(z), Lemma 3.12 implies that
d(x, y) ≈3 dx, dy and d(y, z) ≈3 dy, dz. Hence d(x, z) �c dx , yielding d(x, z) �(c+3)

d(x, y). Analogously d(x, z) �c dz, yielding d(x, z) �(c+3) d(y, z). If x and z are
not linked, then from the results of Sect. 3 we conclude that d(x, z) �7 max{dx, dz},
and we can apply the first assertion with c = 7. This establishes Claim 2.

Claim 3: If d(x, z) �c max{dx, dz} and either H(x) 	 H(y), or H(y) ◦ H(z), or
H(y) ◦ H(x) and H(z) 	 H(y) holds, then d(x, z) �(c+9) max{d(x, y), d(y, z)}.
In particular, if the elements x and y are not linked, then d(x, z) �16 max{d(x, y),

d(y, z)}.

Proof of Claim 3 Suppose that H(x) 	 H(y) and H(y) ◦ H(z) (the another case
is similar). Then d(y, z) ≈3 dy, dz by Lemma 3.12. On the other hand, from
Lemma 3.16 we infer that d(x, y) ≈3 dy , whence d(y, z) ≈6 d(x, y). In conclusion,
d(x, z) �(c+3) d(y, z) − (c + 3) and d(x, z) �(c+9) d(x, y). Analogously to Claim 2,
if x and z are not linked, then we can apply the first assertion of Claim 3 with c = 7.

Claim 4: If d(x, z) �c d(y, z) and one of the bounding holes of H(z) is to the left or
to the right of H(x) ∪ H(y), then d(x, z) � (c + 2)d(x, y).

Proof of Claim 4 Notice that if d(x, y) �2 max{d(x, z), d(z, y)}, then z ∈ [x, y]
in the canonical betweenness. Therefore in all ε-compatible orders z must be lo-
cated between x and y. Hence, if the rightmost hole of H(z) is to the right of
H(x) ∪ H(y), then this hole cannot be z-admissible, which is impossible. Thus
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d(x, y) �2 max{d(x, z), d(z, y)} �c d(x, z) and therefore d(x, z) �(c+2) d(x, y).

This establishes Claim 4.

We distinguish 6 cases in function of the mutual location of the segments H(x)

and H(z). In Cases 1 and 2, we will assume without loss of generality that, if x and
z are comparable in the canonical partial order �, then always x � z holds.

Case 1: H(x) ∩ H(z) = ∅.

Proof of Case 1 If H(y) is disjoint from H(x) and H(z), then H(y) lies between
H(x) and H(z). Consequently, x � y � z, and this case is covered by Claim 1. Now
assume that H(y) intersects only one of the segments H(x) and H(z), say H(x).
Then y � z and x � z. We can apply Claim 1, unless y � x and I ◦(x) ∩ I ◦(y) = ∅.

But this case occurs only when H(x) and H(y) have exactly one hole in common.
Since y � x, this hole is necessarily the rightmost hole of H(y) (and respectively, the
leftmost hole of H(x)). According to the algorithm, y will be placed to the left of x,
contrary to the assumption that x ≺ y.

Now suppose that H(y) intersects both segments H(x) and H(z). By Lemma 3.9
we have d(x, z) �5 max{dx, dz}, therefore we can use the Claims 2 and 3 with c = 5.

In particular, if H(y) ◦ H(x) and H(z) ◦ H(y), by Claim 2 we obtain d(x, z) �8
max{d(x, y), d(y, z)}. On the other hand, if H(x) ◦ H(y),H(z) 	 H(y) or H(x) 	
H(y),H(y) ◦ H(z), from Claim 3 we infer that d(x, z) �14 max{d(x, y), d(y, z)}.
If H(x) 	 H(y) and H(z) 	 H(y), then the constraint x ≺ y ≺ z and the fact that y

is placed by the algorithm in a bounding hole of H(y), we conclude that one of the
elements x, z, say x, is located by the algorithm in the same hole as y. Necessarily,
this is the leftmost hole of H(x) and H(y). Since H(x) 	 H(y), the algorithm will
locate y to the left of x, contrary to the assumption that x ≺ y.

Case 2: H(x) ∗ H(z).

Proof of Case 2 Suppose H(x) ∩ H(z) = Hi. Since the algorithm locate x to the left
of z, necessarily Hi is the rightmost hole of H(x) and the leftmost hole of H(z). Then
either x?z or x � z. From Lemma 3.14 we know that d(x, z) ≈4 δi and d(x, z) �3
max{dx, dz}.

First suppose that H(y) intersects only one of the segments H(x) and H(z), say
H(y) ∩ H(z) = ∅. Thus y � z. If x � z, then we can use Claim 1 except the case
when y � x and I ◦(x) ∩ I ◦(y) = ∅ (notice that I ◦(x) ∩ I ◦(y) is always disjoint
from I ◦(z) because H(y)∩H(z) = ∅). As we noticed already, this is possible only if
H(y)∗H(x), namely if H(y)∩H(x) is the rightmost hole of H(y) (and the leftmost
hole of H(x)). But then the algorithm will locate y to the left of x, contrary to x ≺ y.

Therefore, further we can assume that x?z and that either H(x) ◦ H(y) or H(y) 	
H(x). Since x?z, Lemma 3.14 implies that d(x, z) ≈3 dx, dz. On the other hand, since
H(x)◦H(y) or H(y) 	 H(x), from Lemmata 3.12 and 3.16 we infer that d(x, y) ≈3
dx , yielding d(x, z) �6 d(x, y). It remains to compare d(x, z) to d(y, z). Pick an
element aj ∈ I ◦(x) ∩ I ◦(y). Since y?aj and y, aj � z, we conclude that d(y, z) ≈2
d(aj , z). On the other hand, since the location of x in the leftmost hole of H(x) and
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the location of z in the rightmost hole of H(z) is (x, z,6)-admissible by Lemma 3.14
and aj is between x and z, we conclude that d(x, z) �6 d(aj , z) �2 d(y, z). Thus, if
H(y) ∩ H(z) = ∅ and H(y) ∩ H(x) �= ∅, then d(x, z) �8 max{d(x, y), d(y, z)}.

Now suppose that H(y) intersects both segments H(x) and H(z), i.e., H(y) con-
tains the hole Hi = H(x)∩H(z). Since x ≺ y ≺ z and y is located in a bounding hole
of H(y), necessarily y is located in a hole of H(x) ∪ H(z). Suppose without loss of
generality that y is located in a hole H of H(x). Then either H is the leftmost hole of
H(y) or H = Hi is the rightmost hole of H(y). Recall that d(x, z) �3 max{dx, dz}.
Therefore, if H(x) ◦ H(y) and H(y) ◦ H(z), then we can use Claim 2 with c = 3.

Analogously, if H(x) 	 H(y) and H(y)◦H(z) or if H(z) 	 H(y) and H(y)◦H(x),
the result follows from Claim 3 with c = 3. Now, if H(y) contains both H(x) and
H(y), the algorithm will locate y either to the left of x or to the right of z, contrary to
x ≺ y ≺ z. It remains to consider the cases when either H(y)∗H(z) or H(y)∗H(x).

If H(y)∗H(z), by Lemma 3.14 we infer that d(y, z) ≈4 δi . Hence d(x, z) ≈8 d(y, z),
i.e. d(x, z) �8 d(y, z). Now, if d(x, y) �2 max{d(x, z), d(z, y)}, then z ∈ [x, y] in
the canonical betweenness. Since H(z) ∩ H(x) = H(z) ∩ H(y) = Hi , the element
z must be located in the hole Hi contrary to the assumption that z ∈ X◦. Thus
d(x, y) �2 max{d(x, z), d(z, y)} �8 d(x, z). Hence d(x, z) �10 d(x, y). The case
H(y) ∗ H(x) is completely analogous. The analysis of case H(x) ∗ H(z) is now
complete.

Case 3: H(x) ◦ H(z).

Proof of Case 3 Then d(x, z) ≈3 dx, dz in view of Lemma 3.12. First suppose that
H(y) intersects both segments H(x) and H(z). If H(x) ◦ H(y) and H(y) ◦ H(z),
then we can use Claim 2 with c = 3. Analogously, if H(x) ◦ H(y),H(z) 	 H(y) or
H(x) 	 H(y),H(y) ◦ H(z), then we can use Claim 3 with c = 3. If H(y) coincides
with one of the segments, say with H(x), then H(y) ◦ H(z), therefore d(y, z) ≈3

dy, dz, and we infer that d(x, z) ≈6 d(y, z). Since the rightmost hole of H(z) does
not belong to H(x) = H(y), the result follows from Claim 4 with c = 6. If H(x) 	
H(y) and H(z) 	 H(y), then the algorithm will locate y either to the left of x or
to the right of z, contrary to x ≺ y ≺ z. Finally, if H(y) 	 H(z), then d(y, z) ≈3 dz

by Lemma 3.16, yielding d(x, z) ≈6 d(y, z). Notice that in this case either H(y) is
properly contained in H(x) or H(y) overlaps H(x). In both cases, the leftmost hole
of H(x) is located to the left of H(y) ∪ H(z), thus we can use Claim 4 with c = 6.

Now suppose that H(y) intersects only one of the segments H(x) and H(z), say
H(y) ∩ H(z) = ∅. Then y � z. If H(y) ∗ H(x), then they share the leftmost hole of
H(x), therefore the algorithm will locate y to the left of x, contrary with x ≺ y. On
the other hand, if H(y) 	 H(x) or H(y) ◦ H(x), then we conclude that d(x, y) ≈3

dx , and therefore d(x, z) ≈6 d(x, y). If d(y, z) �2 max{d(x, y), d(x, z)}, then we
are done because d(x, z) �8 d(y, z). Otherwise, if d(y, z) �2 max{d(x, y), d(x, z)},
then x ∈ [y, z]. Since y � z, we obtain that y � x � z and the result follows from the
second assertion of Claim 1 because obviously I ◦(x) ∩ I ◦(y) �= ∅. This concludes
the analysis of case H(x) ◦ H(z).



Algorithmica

Case 4: H(x) 	 H(z).

Proof of Case 4 According to Lemma 3.16, we have d(x, z) ≈3 dz and d(x, z) �7 dx.

Therefore, if H(y) ◦ H(x),H(y) ◦ H(z) or H(x) 	 H(y),H(y) ◦ H(z) we can use
Claims 2 and 3 with c = 7. If H(z) 	 H(y), then the algorithm will locate y ei-
ther to the left of x or to the right of z, contrary to x ≺ y ≺ z. A similar contra-
diction is obtained if H(x) ∗ H(y) and H(x) ∩ H(y) is the leftmost hole of H(x).

If H(x) 	 H(y) 	 H(z), then d(x, y) ≈3 dy and d(y, z) ≈3 dz by Lemma 3.16.
Since d(x, z) ≈3 dz and d(y, z) �7 dy , we conclude that d(x, z) ≈6 d(y, z) and
d(x, z) �6 d(y, z) �7 dy �3 d(x, y), yielding d(x, z) �16 d(x, y). A similar proof
holds when H(y) 	 H(x). Now suppose that H(x) ∗ H(y) and Hi = H(x) ∩ H(y)

is the rightmost hole of H(x). By Lemma 3.14, d(x, y) ≈4 δi . If H(y) 	 H(z) or
H(y) ◦ H(z), then d(y, z) ≈3 dz, thus d(x, z) ≈6 d(y, z). On the other hand, Hi is
an inner hole of H(z), therefore δi �3 dz by Lemma 3.3, thus d(x, y) �7 dz, i.e.,
d(x, z) ≈10 d(x, y). So, assume that H(y)∗H(z), i.e. H(x) and H(z) have the same
rightmost hole Hi which is the leftmost hole of H(y). But in this case the algorithm
will locate y to the right of x and z, contrary to y ≺ z.

If H(x) = H(y), then H(y) 	 H(z) and d(y, z) ≈3 dz by Lemma 3.16, yielding
d(x, z) ≈6 d(y, z). Then we can use Claim 4 with c = 6, because one of the bounding
holes of H(z) is necessarily located outside the segment H(x) = H(y). Now suppose
that H(y) = H(z). If the algorithm locates x in the leftmost hole of H(x), since x ≺
y, necessarily y is located in the rightmost hole of H(y), yielding that z is also located
in that hole. The analogous conclusion holds if x is located in the rightmost hole of
H(x). Since in both cases y and z are located in a common bounding hole, these
elements are not separated, i.e., d(y, z) �3 max{dy, dz}. By Lemma 3.16, d(x, z) ≈3
dz and d(x, y) ≈3 dy. If dy �4 dz, then the result is immediate because d(y, z) �7
dz �3 d(x, z) and d(x, y) �3 dy �4 dz �3 d(x, z). However, if dy �4 dz, then the
algorithm will place y to the right of z, contrary to y ≺ z.

Finally, consider the case when H(x) and H(y) are disjoint, i.e., H(y) is to the
right of H(x). Then d(x, z) ≈3 dz and d(y, z) ≈3 dz by Lemma 3.16. By Lemma 3.10
d(x, y) ≈8 d(ai, aj ), where ai ∈ I ◦(x) and aj ∈ I ◦(y). Since ai, aj ∈ I ◦(z), from
Lemma 3.3 we infer that d(ai, aj ) �3 dz, thus d(x, y) �8 d(ai, aj ) �3 dz �3 d(x, z),
yielding d(x, y) �14 d(x, z). This completes the analysis of Case H(x) 	 H(z).

Case 5: H(z) 	 H(x).

Proof of Case 5 Analogous to Case 4.

Case 6: H(x) = H(z).

Proof of Case 6 Let H(x) = Hij = H(z). If H(y) ∗ Hij or H(y) ∩ Hij = ∅, then
the algorithm will locate y either to the left of x or to the right of z, contrary to
x ≺ y ≺ z. If H(y) ◦ Hij , then from Lemma 3.12 we infer that d(x, y) ≈3 dx, dy and
d(y, z) ≈ dy, dz. If the elements x and z are not linked, then d(x, z) �3 max{dx, dz},
thus d(x, z) �6 d(x, y) and d(x, z) �6 d(y, z). On the other hand, if x and z are
linked, then all x and z are located in a common bounding hole of Hij , say in the hole
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Hi. But then y must be located in Hi as well because x ≺ y ≺ z. This is impossible
because Hi can be only an inner hole of H(y) and the algorithm locates y in a bound-
ing hole of H(y). Analogously, if H(y) 	 Hij , then d(x, y) ≈3 dx and d(y, z) ≈3 dz.

If x and z are not linked, then the proof is similar to the case Hij ◦H(y). If x and z are
linked, then they will be placed by the algorithm in a common bounding hole, say in
Hi. Since x ≺ y ≺ z, Hi is the leftmost bounding hole of H(y) and y must be placed
in Hi. However, since H(y) 	 H(x) and H(y) 	 H(z), the algorithm locates x and
z to the left of y, contrary to our assumption x ≺ y ≺ z. Analogously, if Hij 	 H(y),
since x ≺ y ≺ z and all three elements x, y, z are located in their bounding holes, we
conclude that Hij and H(y) must share a common bounding hole, say the hole Hi ,
into which both x and y are located. Since H(x) 	 H(y), the algorithm must locate
y to the left of x, contrary to x ≺ y.

It remains to consider the case H(y) = Hij , i.e., x, y, z ∈ Xij . If x, y, and z be-
long to the same cell C, then we can apply the induction hypothesis to C. Analo-
gously, if x, y, and z belong to three distinct cells of Xij , then the result follows from
Lemma 4.18. The remaining case, in which the elements x, y, z belong to two cells
of Xij is covered by Lemma 4.20. This settles the analysis of Case 6 and conclude
the proof of the theorem. �

7 Approximating Minimum Additive Relaxation

In this section, we prove that the minimum l∞-error ε∗ and the minimum additive
relaxation α∗ for ordinal embedding of a dissimilarity d on X into the cone R of all
Robinsonian dissimilarities on X satisfy the equality α∗ = 2ε∗. As a consequence,
the Robinsonian dissimilarity returned by the algorithm l∞-Fitting_by_Robinson pro-
vides an ordinal embedding of d into R with additive relaxation at most 16α∗.

First notice that for any target set D′ of dissimilarities, we have α∗ ≤ 2ε∗.
Pick d ′ ∈ D′ such that ‖d − d ′‖∞ = ε∗ and any elements x, y,u, v ∈ X such
that d(x, y) + 2ε∗ < d(u, v). If d ′(x, y) ≥ d ′(u, v), then d(x, y) + ε∗ ≥ d ′(x, y) ≥
d ′(u, v) ≥ d(u, v) − ε∗, whence d(x, y) + 2ε∗ ≥ d(u, v), and we obtain a contradic-
tion. Thus d ′ provides an ordinal embedding of d into D′ with additive relaxation at
most 2ε∗.

To establish the converse inequality α∗ ≥ 2ε∗ for R, pick an arbitrary total order ≺
on X and denote by α̃≺ the minimum additive relaxation of an ordinal embedding of d

into R≺. We assert that α̃≺ ≥ 2ε̃≺ = ‖d − ď≺‖∞, where ď≺ is the super-dominant of d

in R≺ defined in Lemma 2.3. Suppose by way of contradiction that α̃≺ < 2ε̃≺ and let
d ′≺ be a Robinsonian dissimilarity providing an ordinal embedding of d into R≺ with
relaxation α̃≺. Pick the elements x ≺ u ≺ v ≺ y such that d(u, v) − d(x, y) = 2ε̃≺.

Since α̃≺ < 2ε̃≺, we conclude that d(x, y) + α̃≺ < d(u, v), thus d ′≺(x, y) < d ′≺(u, v)

by the definition of an ordinal embedding. However, since x ≺ u ≺ v ≺ y, we obtain
a contradiction with the assumption that d ′≺ ∈ R≺. This shows that α̃≺ ≥ 2ε̃≺. From
Lemma 2.4 and its proof we conclude that d̃≺ is a Robinsonian dissimilarity that
minimizes ‖d − d ′‖∞ for d ′ ∈ R≺ and that ε̃≺ = ‖d − d̃≺‖∞. Setting D′ := R≺
in the first part of the proof, we deduce that d̃≺ provides an ordinal embedding of
d into R≺ with relaxation at most 2ε̃≺. Hence α̃≺ = 2ε̃≺. Since this equality holds
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for any total order on X, we conclude that α∗ = 2ε∗. Finally, since our algorithm
l∞-Fitting_by_Robinson returns a total order ≺ and the Robinsonian dissimilarity d̃≺
which is ε̃≺-compatible with ≺ such that ε̃≺ ≤ 16ε∗, from our proof we conclude
that d̃≺ provides an ordinal embedding of d into R with additive relaxation 2ε̃≺ ≤
32ε∗ = 16α∗. Summarizing, we obtain the following result:

Proposition 7.1 For a dissimilarity d on X and the set R of all Robinsonian dis-
similarities on X the equality α∗ = 2ε∗ holds. The algorithm l∞-Fitting_by_Robinson
returns a Robinsonian dissimilarity d̃≺ which provides an ordinal embedding of d

into R with additive relaxation at most 16α∗. In particular, the algorithm is a fac-
tor 16 approximation algorithm for the ORDINAL ADDITIVE RELAXATION
problem in the case of Robinsonian dissimilarities.

8 Glossary

For reader convenience, we recall here the main terms used in this paper.

Robinsonian dissimilarity: A dissimilarity d on a set X which has a total or-
der ≺ (called compatible order) such that x ≺ z ≺ y implies that d(x, y) ≥
max{d(x, z), d(z, y)}.
ε-Compatible order: a total order ≺ on X such that u ≺ x ≺ y ≺ v implies d(u, v) +
2ε ≥ d(x, y).

ε-Robinsonian dissimilarity: a dissimilarity d on X admitting an ε-compatible order.

Problem l∞-FITTING-BY-ROBINSON: Given a dissimilarity d on X find a Robinson
dissimilarity dR on X minimizing the l∞-error ε∗ = ‖d − dR‖∞.

Compact list of breakpoints: � = {|d(x, y) − d(x′, y′)|/2 : x, y, x′, y′ ∈ X}.
Canonical partial order �: a partial order such that any ε-compatible order refines �
or its dual.

Path P = (a1, a2, . . . , ap−1, ap): a maximal by inclusion path of the canonical partial
order.

Bounding holes: the holes [ai, ai+1] and [aj−1, aj ] of [ai, aj ].
x-Admissible hole: a hole Hi such that the total order on P ∪ {x} obtained by adding
ai � x � ai+1 to � is ε-compatible.

(x, y, c)-Admissible holes: a pair {Hi,Hj } of holes such that Hi is x-admissible, Hj

is y-admissible, and the total order on P ∪ {x, y} obtained by adding ai � x � ai+1
and aj � y � aj+1 to � is cε-compatible.

H(x): the set of all x-admissible holes Hi such that for any y there exists a y-
admissible hole Hj such that Hi,Hj is a (x, y,1)-admissible pair.

Xij : the set of all elements x such that H(x) = [ai, aj ].
Linked elements: two elements x, y ∈ Xij which must be located in the same hole in
any ε-compatible order on P ∪ {x, y}.
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Separated elements: two elements x, y ∈ Xij which must be located in distinct
bounding holes in any ε-compatible order on P ∪ {x, y}.
Graph Lij : Xij is the set of vertices and Lij = {xy : x, y ∈ Xij and d(x, y) �3
max{dx, dy}} is the set of edges.

Block: a connected component of the graph Lij .

x 
 y: if either dx �4 dy or dx �4 dy and there exists an element z ∈ Xij such that
xz, yz /∈ Lij and d(x, z) �16 d(y, z).

Graph
−→Lij : its vertices are the elements of Xij and there is an arc x → y iff either (L1)

x 
 y and x, y belong to a common block of Lij or (L2) d(x, y) �5 max{dx, dy}.
Cell: a strongly connected component of the graph

−→Lij .

Graph �ij : its vertices are the cells of
−→Lij and there is an edge between two cells

C′,C′′ iff either (S1) there exist x ∈ Xij belonging to the same block as C′ and
y ∈ Xij belonging to the same block as C′′ such that d(x, y) �3 max{dx, dy} or (S2)
there exist x, x′ ∈ Xij belonging to the same block as C′ and y, y′ ∈ Xij belonging
to the same block as C′′ such that the pairs xx′ and yy′ are strongly linked, and
x 
 y, y′ 
 x′.

Twin clusters: the two halves of a connected component of the (bipartite) graph �ij .

Graph
−→Gij : its vertices are the cells of the graph

−→Lij , and there exists an arc C′ � C

iff (G1) either C′ and C belong to twin clusters of �ij or (G2) C′ and C are not
connected by (G1)-arcs and there exist x ∈ C and x′ ∈ C′ such that dx′ �4 dx or (G3)
C′ and C are not connected by (G1) and (G2)-arcs and there exist x ∈ C,x′ ∈ C′, and
z ∈ Xij such that xz, x′z /∈ Lij and d(x′, z) �16 d(x, z).

Notations:
α ≈c β: |α − β| ≤ cε;
β �c α : β ≥ α − cε; β �c α if β > α + cε;
dx : the mean value of min{d(x, ak) : ak ∈ H(x) \ {ai, aj }} if H(x) = [ai, aj ].
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